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Heuristically ,
about 61% of the princes are regular

37 is the smallest irregular prime

Hilbert Irreducibility Theorem love form)

If f(x
, y) -> Q(x,y) is irreducible then there exists be Q such that F(x

,
bitQ[xT is irreducible.

(xi +yz)(x+3yz) = x+ 4xy+ 3y
* reducible in &(x,y >
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,
/F : Q) = n Galois

.

E= Q(x)
,
a root of m()-Q(x] irreducible of degree n .

G= AntE = Galois group
of E .

G transitively permutes the n roofs of m(x).

If n= 3 then GECy · m() = xi+ x
=

- 2x-1
, ECQ15]·

Usually if m(x)+ Q(x] is irreducible of degrees then QIICQ is not Galois ;
its Galois closure has degree 6 over Q with Galois group S, penting the three roots of mix in

all 3!-6 ways .

Inverse problem of Galois theory : Given G
,

find an extension EIQ having G as its

group of automorphisms.

Try to realize 6
S
.
fransitive subgroup) as the Galois

group of EXQ ,
E = Q(x, . .

., xn],
m(x) - Q(x) of degreen ,

m(x) = (x-x,) ... (x- Mn)



If we can find an extension ES QC)then specialize
t to some rational mea

-uminate i.e. transcendental
hope to get a finite extension of $ with given Galois group.

A Hadamadix of ordern is an nxn matrixwith entries #1 such that HHT= I (ie. H=I

i.e. H= if ie
. it is real orthogonal).
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For 131
,
if there exists a Hadaward matrix of ordern ,

then n = 1 or 2 or n= 0 mod 4.

Question : If n = 4k for k31 , does there necessarily exist a Hadeward matrix of order n?

The smallest open case was for n = 668· until 2026.

If n32 them order n Hadaward requiresn even since the dot product of the firsttwo rows

is n mod 2.

If n >3 then we actually require n =0 mod4.




