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Sec 4.5 : Optimization April b

p. 285 #19. of all boxes with a square base and a volume 8ms
,
which one has the

surface area ?

~
volume

! area

" !
it Eat

ax¥=ait÷ . no

top and sides
bottom

The domain is ( o
,
ad

,
an unbounded open interval .

¥ = 4×-3×7 = 4*1×3- g) f The critical point is at x -- 2
.

fee call : critical points are where the derivative is

I zero or undefined
. There are no points of the

domain where dah
,
is undefined

, only one pointFor ocxcz
, did, so so Atx) is decreasing-4hm day, = o . ) A

for x=2
, did = o . ✓

•
*For X > 2

, dash
,
so so Atx) is increasing . ¥

Sothe minimum surface area AN = 12mi occurs for a box of site 2mx Im x 2in .



Sec 44
. p . 278

# 21
. Axl = (x- 6)txt 65 = (5-36) GAG) Ist 65-36×-216
f-
'

(x) = 3×2+12×-36 = 31×74×-127=34+6) (x-2)
f-
"

(D= text 12 = 61*2)
Ii- y

fro T L Jo J f ly -- fan
-Ftto - - - - o ttt t /
f
"

- - - - o + t t t tt t /

ft-27--1-87145=-128 rim¥h= no

f- (2) = C- 4)$4 = -256 *. xoxo

/
t-2
.

-"8)4) ling
.

text = -a

| (z
,
-256 ) April

/ f has an inflection point H.

- 1281
,L is increasing on to

,
-61 and on 12,0)

, a local minimum point (2 , -2567 ,decreasing on f- 6,27 ,

concave down on C- oo, -21,
a local maximum point f- 6

,
o)
,

concave upon G. ad .

no absolute extrema or asymptotes .



Sec 4.5 p .

287 #41
.

Let r be the radius of the semicircular windowpane .

IT F

N
The perimeter is D= Tlrtzrt 2h = 20

= (At2) r t 2h = 20 k= to - r

-

2h = 20 - Tir- Zrl l "
I ddIr = 20 - fat 4)r

A- If r
'

+ zrh The critical point is at r= ¥+7 .

=
it

when 0 < re ¥+7 , dat > o so A is

z r't Ir (lo - THI r) increasing .

= Zor t ( Iz - thtD)r' when?¥, e r e f¥q . fetty - o so

#
= 20 r - T r' A is decreasing .

\M So the maximum area occurs

wer A = (20 - THI r) r when r -- 7¥, . Alternatively since Azo

o Io ¥⇒ requires r to be in lo , 7¥41 , we need only
at 4 check A at endpoints and the critical point.



The dimensions of the window that maximizes the area

arean Ir -- Fifa
¥
. i -
I / I Ih = to - r

-

- lo - "I.7¥,
I- =

to - '4
Zr = 41 =

to fat4) - 10 (Ttt2)
It4 ¥4

-
- I

See 4.6
.

Linearization and Differentials Tt4

t.EE#E.
TgFdToxination ( linear approximation Apithy



For x close to a
,

f-Cx ) a Ux) = flat (x-a) t Ha) = Dex t
^ -

approximately linearization ffa, Ifta) - afca)
equal to

off at la ,flat)

Example : Use the linearization of rx at (25,57 to approximate VI .
is y =/'T f-Cx) = II ,

Fus) = 5

f
'

(x) = 2¥ ,
f
'

(25) = 2¥ = To↳ The linearization of SI at 65,5) is
25 26 Ux)= f-

'

E) (x-25) t f65)
= to (x-25) t 5 .

If X = 25 then IT a fo (x-25) +5.

Eg .
12T = To (26-25)+5 = 5.1

-

z correct to 3 significant digits .

Check : VIG = 5.099019514

Cruder approximation : VI e s . (correct to one significant digit)
constant approximation VI re 5



* i¥aFTh"our.am
=d× function fix) = rx changes by

an exact amount#
Ag = f-Cx) - fast .

25 ×

The secant line from (25
,
5) to (x, ful)

On the tangent line , has slope try fCx) - fast

= = f'as, = def
DX

=

dx
Until now we have written ditz as an indivisible symbol . Now we are interpreting
dx and dry as changes in x and g . They are changes on the tangent line
(just like ox and Oy are corresponding changes on the actual curve off ) .

dx and dy are diff .

We'll interpret VI re 5. i in this new language :



sy
flat -- to -- ditz ⇒ dy -- to dx= f. 1=0. ,

dx =DX = 26-25=1
As we wore from x = 25 to X = 26

,

the corresponding change in g is# Dyne dy -- ol .

25 26
So 525 I 5.1

This is a quick and easy interpretation for differentials .

We will be using differentials
throughout calculus .

Integrals fabfexldxw
If g

-
- six

,
find Gaz and dy .

If
,

= cosx so dy -- Loos x) dx
x→ u - y olya

,

= dyq.dz soo by ry dy = cosx Ix



See 4.7 I'Hospital 's Rule
x3+2×2-X- l l t ¥ - ¥ - ¥3

The limit him-= him- =
'

z .

X 2×3-5x x→a
2 - In
- Trivet

"

indeterminate form F-
' '

form

the limit him t = O
.

X→
3×75

"determinate form at
" Do not confuse l'Hospital 's Rule

with the Quotient Rule !

Lingo sift = i

y

'

indeterminate
form of

liltopitatshle For limits of indeterminate form E or ¥8 , tiny tg¥, = tiny f,
assuming the second limit exists .

eg . figo h = lying
.

6¥ = i
.

g. him ";¥; -- fins. 3 = him
.
Y = him. I -- Zxx



eg. him xe
"

= him In, = lion ¥ = o

x→ - Xx xx

indeterminate indeterminate

form D. o form E
*

y Don't keep using e'Hospital 's Rulebeyond this point ; that
eg .

him x lux = him he approach never

wot wot t
= xtismot III = xtimottx) = O '

reaches a
indeterminate conclusion .

form O.tw) indeterminate
-N
-

him, thx
- fish. = limo. = bingo. friend) this=i
indeterminate

(a-b)Laths) = of- b' Note :form of VxIox=Vx4H⇒
.

VxI0x + x
x't 10x - x

'

=x Vitexhim
.
hhittox - x) T.to,

=

a #+×
-

- his
.
vx¥x himindeterminate form - oo

=
X if x>o

= him. ÷+,
= ¥7,

= 5 - f. × if xiao
April 20-



Another llltopilal 's Rule example for the indeterminate form of
.

king, ( It IT where a is constant .

In order to use d ' Hignite's Role , we need to reunite this as a quotient .

b
'
= ( ehb) ' = e club

bing.CH#T--hg.eXln4tI ) = him e = e
"

= ea
.

U→ l

U = It ¥ → I . In a Yu -

lim - = him - = A
.

U- I = Ex h's l U - t u→ i t

O

x = a- ( indeterminate form - y
U - I

0

If Axl -- e" then ul ing
,

ft eff ) = fl him ) = fu) -
- e
" '

= ea .

471

Does Liam f- ( g = f- ( higgins) ? Can gon move the limit inside ?

We can do this when f is continuous . and g is continuous .

c = lingam , write t -
- gcu)→ c

. liar fit) = fed
.

u too



Some books define ea = lying
.

( it ¥ )
"

.

This limit comes from compound interest.
If you deposit a principal amount A in the bank at nominal interest rate r leg . 5%

interest per annum would give F- 0.05) . If interest is compounded annually then after
one year you have earned RA interest

.

The total balance in the bank after a year wouldbe
A t rA = (it r) A .

If interest is compounded semiannually (every 6 months ) then after 6 months you
have ( it E)A as balance after 6 months -

,
then at the end of the year you have

( HE) . (itE) A = ( itE)A = ( it r t Ea) A .

-

effective rate of interest .
If interest is compounded n times

per year then every ten year your balance is
multiplied by It In . After one year your balance is ( if IYA .

For continually compounded interest we let new .

Ying ( ' t IT A = E A
. Eg .

59. interest compounded continuously results in



balance e
"5A = 1. o5cz7A (effectively 5.127 % interest rate per annum) .

P . 311 # 69 . lying
, ÷;÷, = finds = be = log, 3

x→ a Chex) the bus

logzx = hat, why ?

a = (ogzx Ed 2! x Fs la (za ) = lux

toga ⇒ a bus = lux
→
x a ⇐ a = £← April 21
expz buz .

✓
See 4.6 Linearization and Differentials

formulas for area and circumference of a circle
y= f-Cx)

DLT = fix) ⑦ A = Tir

by a dy = Faa dx = ff×yg× C = tr

small change ing
due to change From the form la A -- tr' you can deduce the formula
in x . ( = Zar using linearization .



Starting with a circle of radius r
,
area A -- arr? enlarge the circle

by expanding the radius by a small amount Ar.
A = tr

'

DA x C Dr a C Dr
datt = zar

DA re DA -

- Zard r = 2Tlr Dr
DA = Ear drfor = dr
So C = Zar .

For a sphere of radius r,
V = far? what is the surface area ?

Imagine painting the surface of a ball of radius r . How much paint is
required to paint the surface ? If I add a layer of paint of thickness
Ar then the new volume changes by
IV K A Dr

DU re DV = 4TH dr = 4Thr
'

Dr

so A = Far?



See 4.6 p . 299 #28 . fix) = ¥, . Approximate fu .D using the linearization at x -- I .

fay = 's = 0.5 . This value is the base for our linearization -

day = fg×y=Cxtnj((x) = fla) t f
'

ca) (x- a)
,
a = ,

= 1-
= '

z t Iq (x - l) txtD-

f-( lit) = Lll. 1) = It 4 (oil) = 0.5+0.025 = 0.525 dy = ¥7,5
Alternatively using differentials :
x goes from A to A. A

,
a small change of Dx=dx = o

.
I .

What is the corresponding change
"
t
?

:p: :÷÷.¥:¥ . = oozs.p.m.az?::::a::g::Cy I 0.5 t Dy = 0.525 .

Hi
.
D= = 0.52380952 . . .

The error is 0.525 - fcl . i) ± 0.00119 . . . Can overestimate since this difference is positive) .

The relative end is Oo%'9_ ⇐ 0.0023 . . .

The per¥ and is 0.0023 x look = 0.23%
( about a quarter of a percent error) .



Sec 4.9 Anti derivatives

£
,
17×72×1-73 =3 (7×7-2×+1)-(14×1-2) .

A-a

Reverse : Thx antiderivative of 317×72×+7414×+2) is 17×72×+73 .

The general answer for anti derivative : (7×2+2×+1)
'
t constant .

dah, ((7- x't zxt t Il] = 317×72×+1544×+2) .

We write 1317×72×+7414×+2) dx = (7×2+2×+1)'t C where C is an arbitrary
The general anti derivative of 317×72×+177,4×+4 withconstant
respect to X is (7×2+2×+73 t constant . April

eg . fxkdx = xkt '
,

if ht - I check : Ix = kh¥fxh=xk Ck constant) .

lay ,
.

if he " dah
,
An = x

"
-

- I,



J (x'-7×2-5×+3) dx = 4x4- Ix'- Ix't hit C
check ! dah

,
(4x4- 73×3- 52×43×+4 = x

' -7×2 - 5xt3

Compare notation : ffcxidx anti derivative ( indefinite integral )( function)

us . fab xdx integral ( definite integral )
n

( a number)
( integrand

How do we find anti derivatives ? Best method : guess and check .

Eg . fxsinxdx = sin x - xcosx t C
dfxc ? I = x sinx # ( x ios x) = tcosx t x. f-sinx) = cos x - x sin,

ddxfcosx) -- sinx dfx(Xcosx - sinx) = (cosy- xsinx) -cosy
# (sik x -x cos ×) = × sin,

= - Xsinx



Sec 4.9 #92
.
Given velocity vet)=ett4
and initial position say .. z }

initial value problem
find sits

,

theposition at time t .

Recall Htt = vet ) so set> = Jut> It = fcettaldt = ett 4ft C
derivative
T Using 407=2

,
find C

.

Seti vet) SH) = ett4ttC
✓

z = Slo)= It Otc ⇒ C- Iantiderivative
so sit, = ett 4ft I .

# 97 . alter -32
"I differential equation } initial value problem✓ ( o) = 20

s/o) = o }
initial conditions

derivative derivative
sits→ vet,

m act,
Vtt ) = faltldt = Jundt = -32ft c

✓ I 20 = VIO ) -- C ⇒ vet > = -32T t20anti derivative anti derivative
set ,= fvcfidt-ff-32.tt 20) alt

Sct) -- - 161-7204 .

= - 16ft 20ft K
.

Since 5107--0=14



5

#, f / vets = Jaltidt = f 2.cost dt = zsinttc

I = Vco) = C ⇒ vet>= 2 Sint t l
-

sit) = fvctldt = fczsint ti) dt# too
.

act) = 2 cost

VIO) = I
= -2 cost t t t k

s (o ) =D 0 = 510) = -2 t k ⇒ K = 2

sit > = - 2 cost t t t

2)It, = f# et = tai 't t C Stai'tM

felt = ' fttdt = lnftltc It II = -¥5 't = -1¥,
Jdt = Stott = t t C Aprils



Brushing up on l
'

Hipital 's Rule

Limp II = 0 ( n applications of l
'

Hopitail 's Rule)

Eg for n -- 4, fig
.
'e = fins. 42¥ = jim. 12¥ = fig

.

2¥ = him. ¥, = o .

x
4

him
IF

= fins. 4÷e* = lying = . . . = o .

x→A

ex
'

= e
"

orCe

(e'T = Ex
'

÷:!÷.
-

- tis
.
÷. -- o or : ¥ tis

.

"
'

sina.be Yaman .

is" # 28 . tim, = limo.
'

,

= fin,
=3

.

OE finna. = tins,
"¥,

= oo =3 .



Ato
.

line sin; = fins
.
"I = fins

.

-
- fins. -7,7=-42x→ O

Yx etxlnlxtcosx)#83
.
lim ( xtcosx) = (im = e

'

= e .

X-o X→o

indeterminate using eha=a ,
ehHtc"" = ( × + cosx)

form too
Yx

Compare : line (xti) = lim ( it IT = e

x-et t→a

t -- Ix→ a #20
. Limo = ¥=o

.

Iim lnHt = Ying ×¥
( t - sin x)

Xs o X oT = I
Also :

indeterminate liar si = o .

form Eo Xiao

#68
. Lingo x

#
= lying, et

h"
= line e -

- e . sin ,
x→ ot

-Ix s -× E Ix
x-- eh "

⇒ ×Ex = @hxjEnx.e to#


