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As usual, I have added remarks and tried to give two or three different solutions whenever reasonable. This,

however, makes the solutions appear much longer...

1. (a)

An example is the group of complex roots of unity {z € C : 2z = 1 for some
n > 1}. This is the set of elements of finite order in C*, the multiplicative group
of nonzero complex numbers. Another example is the infinite direct product
Coy x Oy x Cy x - ={(x1,72,%3,...) : T1,T2,T3,... € Ca} where Cy is a group
of order 2. More generally, we can take G x G x G x - - - where G is any nontrivial
finite group.

An easy example is 27 C 7 where Z is the additive group of integers, and
27 is the subgroup of even integers; here we have an isomorphism Z — 27,
x — 2x. For another example, let K be any nontrivial finite group, and con-
sider the infinite direct product G = K x K x K x ---. This has a proper
subgroup H = {1} x K x K x --- < G; we have an isomorphism G — H defined

by (91,92,93,---) — (1,91,92,93, - .).

The cyclic group (54 of order 24 is such a group. Recall that C),, has a unique
subgroup of each order dividing n.

Some examples are the additive group of C, or of R, or of Q. For a finite example,
take C,, x ), x C,, where C,, is a cyclic group of order n > 1. Alternatively, take
the additive group of a vector space of dimension > 3 over any field, finite or
infinite.

An example is %[\}g _1/§
R2. In class I showed how to find new examples after a change of basis, e.g.
[_01 H, in other words, this example is conjugate to our first example. Many
such conjugates are available as examples.

], which represents a 60° rotation about the origin in

The obvious example here is the subgroup consisting of invertible diagonal ma-
trices, namely {[8 2] ca,b# 0} 2 R* x R*. Here, as always, F'* is the group of
invertible elements of F' (which coincides with the nonzero elements of F', when
F is a field). You can vary this example by restricting to nonzero rational a,b,
giving a subgroup isomorphic to Q*Q*. There are much more creative examples;
(2) (1)] [(1) gD = 7 x 7., where the diagonal elements are restricted

to powers of 2. Or even more interesting, <[(2) (1)}, [f’] (1)]> = 7 x 7, where the

2,2)-entry is always 1; and the (1,1)-entry is the subgroup of R* consisting of
g g

for example < [

all rationals of the form 2*3% where k,¢ € Z. There are (literally) uncountably
many variations on these examples.



(c) All matrices of the form [(1] fﬂ have order 2, where b € R. The same works for

matrices of the form [_& ?] Or take transposes. Actually, all these examples

are conjugate in G. These matrices are no-brainers since every upper-diagonal
(or lower diagonal) element of order 2 in G obviously has diagonal entries +1.
But you could have started with the single matrix [(1) _01] and then taken all its
conjugates. This would yield all matrices of trace 0 and determinant 1, which
is a much larger class of matrices of order 2 (most of which are neither upper
diagonal nor lower diagonal).

3. This was discussed in class. Half (i.e. 50%) of the time o is even; and half of the
time, 7 is even. So 25% of the time, (o, 7) C Aso and (o, 7) # Ss2. This means that
(o, 7) equals Sso at most 75% of the time. The true probability that o and 7 generate
Ss2 must be strictly less than 75%, since there are so many choices of o and 7 (not
both even) which lie in some proper subgroup of Ss2. But experience (and heuristics)
suggest that the true probability that (o, 7) = Sso is almost 75%. Of course, neither
o nor 7 (individually) can generate Sso, since S5y is nonabelian.

4. (a) There is only one cyclic subgroup of order 4, namely (R) = {I, R, R* R*}.

(b) There are exactly two non-cyclic subgroups of order 4, which are Klein four-
groups: (H,V)={I,R* H,V} and (D,D') = {I,R*, D,D'}.

5. Oops! The graph T' is not a cube; it has 10 vertices (not 8). In fact, I is a Petersen
graph, just like one of the examples in HW4. Curiously, no one pointed this out to
me during the exam. But maybe they pointed it out in their written solutions. Sorry!

(a) We have o = (0,4,9,5)(1,6,3,8)(2,7). Note that 1,2,3,4
lie in a unique 5-circuit containing 5, whereas 6,7,8,9 lie
in a unique 5-circuit with 0; so we must have o(5)=0.
The fifteen edges of I' consist of the ten edges contained
in these two 5-circuits, plus five remaining edges which o
must permute as {1,9} — {5,6} — {0,3} — {4,8} —
{1,9} and {2,7} — {2,7}. Soc(0)=4, 0(6)=3, o(7) =2,
0(8)=1. On the right, we show the image of I" under o

(isomorphic to the original).
(b) From the cycle structure, we read off |o| = 4.

(¢) There are |G| = 120 automorphisms, and all but 5 of them satisfy the requirement
that o7 # 7o. As an example, one obvious choice (found by rotating the picture
120° counter-clockwise) is 7 = (147)(258)(369).

(d) Our choice in (c) gives Tor~! = (0738)(15)(2496).

6. (a) H has 1 element of order 1, and 4 elements of order 5.



(b)

7. (a)

(b)
()

H has ¢(5) = 4 automorphisms: Aut H = {61,605, 03,04} where 0;(x) = 2*. Yes,
Aut H is abelian since ;0 = 0, = 0,0;. (Subscripts are nonzero integers mod
5.) Yes, Aut H = (05 is cyclic: we have 05 = 6,,0,04,03 for k =0,1,2,3.

G has 1 element of order 1, and 124 elements of order 5.

G is a multiplicative group isomorphic to the additive group of the vector space
F3 where F = F5: the obvious isomorphism F? — G is (4,4, k) — (¢°,¢%, g%).
The automorphism group is Aut G = GL3(F) of order (5% —1)(5% —5)(53 — 52) =
1488000. (I hope you used this formula from class, rather than trying to list
all automorphisms of G.) No, Aut G is not abelian. Most pairs of elements of
GL3(F') do not commute.

No, ¢ is not surjective. The image is (¢(0), d(7)) = ((123), (12)) = Ss3, not Sy.
You should recognize this as the epimorphism S; — S5 exhibited in class.

or~! = (1234)(132) = (14).
¢((14)) = ¢(o771) = ¢(0)p(7)~! = (12)(132) = (13).

8. ) F (BT (F (T (F ®T (T {MT HT GF

You are not required to provide explanations; but I do so here for your benefit:

(a)

The set of non-negative integers does not contain inverses for any of its positive
elements.

If |z| = m and |y| = n in a multiplicative group G, then |zy| divides lem(m,n).

The smallest counterexample is A4, a group of order 12 having no subgroup of

order 6.

The order of the subgroup (S) is a divisor of |G| exceeding @, so [(S)| = |G|.

Counterexamples are abundant, e.g. in S3, take g = h = (12), so that gh = (). Or
take g = (12) and h = (13), so that gh = (132). Or take g = (12) and h = (123),
so that gh = (23). The statement even has many counterexamples in abelian
groups.

Since ¢ is always bijective, the real issue is whether it is a homomorphism. If G is
abelian, then ¢(zy) = (zy) ™! =y la7! = ¢(y)o(z) = ¢(x)¢(y) for all 2,y € G,
so ¢ is a homomorphism. Conversely, if ¢ is a homomorphism and x,y € G, then
yr =y ")o(a") = ¢y tz™") = ¢((zy)~!) = @y, so G is abelian.

Let g and h be reflections of R? about two lines ¢, ¢ through the origin respectively,
assuming there is an angle = between ¢ and ¢'. Then |g| = |h| = 2 whereas

_ - : 2
lgh| = n. Indeed, gh is a rotation through an angle =~

about the origin. In
this case (g, h) is a dihedral group of order 2n. (Special cases arise for n = 1,2,
where the group is cyclic of order 2, or a Klein four-group. But these fit the same

general pattern.)

Let g € G be any nonidentity element, so |g| € {p, q, pq} by Lagrange’s Theorem.
If |g| = pq, then (g) = G is cyclic. In this case, h € G can be chosen arbitrarily.



Otherwise, |g| € {p,q}. Without loss of generality, we may assume |g| = p.
In this case, let h € G be any element such that h ¢ (g); then (g,h) = G by
Lagrange’s Theorem. (Since (g, h) has a subgroup (g) of order p, the order of
(g, h) is divisible by p, so (g, h) has order p or pq. It cannot have order p since
h ¢ (g).) Our argument used only Lagrange’s Theorem; but if you want to also
use Cauchy’s Theorem, the proof can be made even shorter.)

This almost follows from (h). But it follows easily from the fact that every group
of order 6 is isomorphic to either Cg (cyclic) or Ss3. Or use Cauchy’s Theorem:
there exist elements g, h € G of order 2 and 3 respectively. Then (g, h) has order
divisible by both 2 and 3 by Lagrange’s Theorem.

Every n > 2 is a counterexample to this statement. For odd valuesn € {3,5,7,...},
|A,| is not even divisible by [S,_1| since |A,| = F[S,—1|. Even values n €
{4,6,8,...} are also a problem; for example, A4 has no subgroup of order 6. Of
course, you only need one counterexample to declare the assertion False.





