


"Trick" (or technique) for identifying which small integers have the form vity" or xi+sy or ..

Define P(t)== + 2 + c + 2 + It+ 2+
ne2

flt) = (1+ 2++ 2t*+2t+ 2t+ 2t
*

+ ..) (l + 2t+ 2t" + 2t" + 2t* + 2t
*

+-) = 1 + 4t + 4+2+ 4t4 + 8t5+ 485+... + 12t+ ...

The powers ofa appearing in this expansion are precisely the exponents expressible as a sum of two squares.

The coefficient of th on the right hand side is the number of solutions of n = vix y (x,ye)
eg. 25 = xi+y Las 12 solutions (15

, %) 10
,+5) , (13, #4) ,

(14
, 13)

5= x=26s 8 solutions (12,1
,
(11

, 12)
6 = X+yz has 0 solutions.

O(t) = 1 + 6t + 12th+ 8t3 + 6t
*

+ 24t+ 24th+ 12t+...

A = x+y+z has six solutions (1,
0

,
0)

,
10

,
#

, 07
,
10, 0

,#1

2 =... twelve (1
,
1

,
0)

,
(1, 0

,
+1
,

(0,
#

,17
7 = x+y+z has o solutions

O(t)" has positive coefficient of th for every positive integer n

Lagrange's Theorem : every positive integer is a su of four squares

Fundamental Theorem of Arithmetic : Every positive integer is uniquely expressible as a product of primes.
we'll explain exactly what this says and we'll prove

it.

Fundamental Theorem of Calculus
-- "of Linear Algebra
...... Algebra



FTA = Fundamental Theorem of Arithmetic :

Positive integers factor uniquely as products of princes.

eg .
12 = 6x2 = 2x3x2

12 = 3x4 = 34242

12 = (2)x ( 67 = 2x6

12 = [12
Ignore Factors of 1 in factorization : these are units . (invertible elements) .

In I
,
the only

units are [1 .

eg .
[li] = Eatbi : ab-R3 (commutative ring with identity 1) We again have

unique factorization. The units are #1, i.

i. (i)= X(i) = "Gaussian integers"
1 . 1 = Elements of R:
(+). ( 1) = 1 · Zero

· units
12 = 2x2x3 =C(i)(

= (i)(tilSe E · irreducible
· reducible.

anyFurtheri,
e

a 2+i = i(l- 2i)

10 = 2x5 = (Hi)4-

i) (i)
(2+)(i) :

migration ofwith-

x(-i)
A Commutative ring with identity) has unique factorization

if every nonzero element can be

factored as a product of irreducible elements and this factorization is essentially migue (i.e.

unique up to permutation offactors and migration of units.



Why don't we just say primes and composites instead of irreducible and reducible elements?

In (i) : zero : O
In I:zero: units : El,i

irreducibles:i = Shi, Hi, -H+i
,

- 1- :3irreducible : 12
,
13

,
15

,
17

,
E, -

3 actually 3
,
-3

,
3i

,
-3i

reducible : 14
,

16
,
78

,
19

,
#10

,
112, ..

ElI2i
,
Izti

etc.
A nonzero element xtR is reducible if reducibles : 2 (actually 2-2

,
zi

, ti)
xto

,
It unit and d = 9. 22 41

,
%2 not units.

isirducible theonlyfactorizations have eitheror
is

amit is or i
2 is reducible since z= (+i) (l-i)

,
neither Iti nor ti is a unit.

Eg .
the ring IE] = Ga + bE5 : a

,beX} does not have unique factorization.

[15] = Satbit : abezz .....
-

An example of nonunique factorization in [15] : 6 = 2x3 = text
2

,
3

,
% are irreducible in [15].

But be careful:] has infinitely many units.
Pell's equation X-by= 1 has solutions (#1,0) ,

(15
,
12)

X-6g2 =-1 has no↓2) (5-25)
= 1 in 295)

iteger solutions.
Clook at the equation mod 3)



In RCE5]
,
the only units are #1 . 6= 2x3 = (HF5)(1- F5)

where all factors 2
,

3
,
HE5

,

1-55 are irreducible in KIFT)

Unique factorization is notniversal
.

It holds in ,
&(i)

,

EIES
,

[15]
,
RIES ,

YIE]
,
XLE)

Not in X(F57 or [15].

Difference between[li]
,

I
,
[lie] and[E5]

,
[1950]
-

-Sectorization non-unique factorization

In RCE5] theonly units are1
. Why

15 = 3x5 = (3)x(5) in I If X is a mit x= atbis then

15 = 3x(2+ i) (2- i) in [/i] x = = (a+b5)(a-bis) = a+ 5b
=

=

= +zi) But the only iteger solutions are (9,b)= #1
,0)

2
,
3,F5,

1-E5E /F5] are irreducible,
&(2) i=H2i(ztilfi) = 12i

why ? If 2= c p ,
a

,BE Est the

migration of
units then 4 = (2)= Ipp·

15= 3x5 = (3+3)(-5+5) in Elie] a = a + c55
, B = b+dE5

Lat kk2= (a+c 55)(a-cF5) Iph= be 5d

X(1 +E) Y(-+r) = a+ 5

(He)(y+z) = 1 4he
ia

Infinitelymany
a+ 5c= 2 has no solution.Wits in [Ive) : solutions of +b)(abiz)=1

↓(e)"=,e,
Isr,

a2- 2b2=

32-2 .22 = (3+ 2)(3-2E) = 1



who does I have unique factorization ?
It's rather easy to

show every integer factors into prince.

12 = 3x4 = 3x2x2
in the positive integers.

There is no infinite decreasing sequence n> n
:7 > ny1

.... To

The positive integers are well-ordered
. (Equivalently ,

use induction).

Why is the prime
factorization of a positive integern unique

?

Can n = PRP" Pr
=

9,92939s where p ,p,

"

; pr , 91 , 92,

"

; 9s areprimes ?

We would need to show that every prime
on the left (every pi) occurs also among q ...., gs.

Basic step : If p is a prime andabwith plab ,
the show pla or plb.

Endid'sLea Ef a prime p
divides ab in &

,
then pla or plb.

("or" is inclusive Eg . 3169 . 316 or 319. 7

614 .9 but 644, 679 .

We really need p to be prime.

plabsaysipk = ab for some k
.

Can we argue : p is a prime factor on the left so it's a factor on

the right so p is a factor in a or in b
.

No ! This is a common fallacy.



Proof of Enlid's Lemma : Suppose plab i
.
e . ph = ab for some k.

Either pla orpta. If pla we're done. Hence as may
assume pla.

Then god(p, a) = 1 = rp+ sa up
not in this list

for some r,seX. Divisors of a : #1 , - . .

.,
I

Divisors of p : #,P.

b = rbp + sab is divisible by p since both terms rbp and sab are divisible by p.

11

If plabe where p is prime then pla or plb or pla.

Plabe => pla or plbc . => Pla or plb or pl.
This argument extends to any

number of factors i
.
e .

if plagge where
p is prive

then pla for some je 31
.
2... 13 .

(To formalize this argument, use induction .)

Fundamental Theorem of Arithmetic Every positive integen has a unique factorization as a product
of primes.

If n = p,P pr = 395.9:
where p ,R , Pr , 9 , 9 :

:

, 9s are primes them piln so p, 19 for some

je 91 ,2, ... 53 so pigj · Cancel this prime factor from both sides and repeat the argument
with the remaining prive factors.



On to Chapter 9,
= 50

,
11

,
12

,
133

Look at powers in 2/11 =
= 90

,
1
,

2
,
3

,
4

,
5

, 63 eg .
5= 9= 2, = 2.

xXyyy x5 xox7y8 -3 = 6 + 6 + 6 = 4
O O O O

--3 ! I

= if x=o

Epalindromic Sequence 1
,
4

,
2

,
2

,

4,

Theorem let o be pine .

Then for all at =/2 = 50,
1,2 , .... p-13

,
a= ai

furthermore ap"= 1 if ato.

Remark We really do need p to be prince .

"Fermat's Little Theorem" can be rephrased as :

Let p be prime .

Then for all atX
,
al = a mode .

Moreover if pta (p doesn't divide a

then at"= 1 mod
p.



Solve the linear system CX+5= ForYy = 50,
1
, 2 o t

⑧

) - -(15) - 1015] - 10 :1) 7-36= 7-34
-

5-32 = 5+ 1 = 6

The unique solution is (x ,y) = 10
,
7). 8 - 63 66 = 8+3= 0

Check : 10,7) satisfies both equations.

Competingapandamaybeinfeasiblebut computing
a modp and amodp is fearleare

Mathematica commands Mod[ark
,
n] computes mode .

This will fail if a b are

hundreds of digits long . Instead use the command PowerMod (a ,

k
,
n]

"Modular exponentiation" is a very important operation in cryptography , primality testing,

pseudorandom number generation ,
etc.

Factorization of integers is much harder than primalitytesting.
- polynomial-time

(believed to be) non-poly,

time.
feasibleinfeasible



FermalLittle Theorem Let # = 50
,

1
,
2

, ..., p-E = X/I where
p

is prime .
Then at= a for all

at ; and at= 1 for all nozero att

Proof Consider the product of all nonzero elements of #p : b= a = 1x2x3x-. x(p+ -# = 91
,

2
, ipis

0+at #p = quits in(Actually b = (p-D! but this is now mod p .) Let at # (nonzero element of #p) · = Gnonzero elements
The map

xr>ax
, #->#, is bijective . (Its inverse is xreax) . in #p3

b = 1 . 2. 3 . .... (p-1)
Since

Prime
"b = a . 2a. 39 . ... . (pta = b = all =y , => am= 1

eg . p = 7
,

a= 3
,

b = 1 . 2 . 3 . 4 · 5 . 6

3 . 6 : 9 : 12 - 15 . 18

3. 6 - 2 . 5 . 1 . 4 = 6

For the first conclusion
,
let at F .

(zero or nonzero).

If ato them aap"= 19 So
P

= a .

Ifto then al= 0 = a .
It

Fermat'sleTheorem isreallyaspecialcase ofLagnag'sTheoreingro
the
aorder

L

of every element of G divides 161 . So g= 1 for all g-G where n = 161.

#" is a group of order p-1 so at= 1 for all a t #"-



Fermat's Little Theorem plays a huge role in primality testing.

Generalization of Fermat's Little Theorem (Euler's Formula/Theorem) allows us to work

with modular exponentiation modm
,

m not necessarily prime.
Euler's "totient" function $(m) = number of itogens ke 51,

2,
-

; ms that are

"This requirea
relatively prime to m

eg. Elp) = p-1 wherever p
is prime

p(5) = 4a p(25)= 20 +((5) %(5)

1
,
2

,
3

,
4

,
5

,
6 x(ph) = ph- ph = ph(1- b) (p prime, =1

(4) + q(z)d(2)

1
,

2
,
3

,
4

,
5 q(mm)=(m)() wherever

1
,
2

,
3

, 4 god (m
,
n) = 1, mod 5 2/2=So, 12,

*
152

= 901
,
2

,
3

,
4
,

5
,

6
,

7
,
8

,
9

,
10
,

11
,

12
,

13
, 143 modsi modz 0 f,

mod6p(1st = 8 = &(3)&(5)
= X/3y. 4/52 012345

If R,S are rings then
ROS (also denoted RXS]

p(30) = p(5) %(6) = 4.2 = g
is ROS =( (r, s) : reR

,
seS3

2/302 = 50
. 1

,
2, ..., 293 modt is a ring with component wise

operations
54 + 2/302 : ged (k, 30) = 13 (r

, s) + (ris) = (n+r
,

S+ s)

(r
,
s) [ris') = Crr', ss)= [1 ,

7
,

11
,

13
,

17
,

19
,

23
, 293 (r

,
s)tRDS is a uit iff r is a unit in R

and s .........



For example we look for integer solutions of some Displantine equation e
.g . 61x=ye37

Does this have integer solutions ? If so
,

show by example.
If not (i.e .

no solutions in2)
thenFind msuch thatthe equationlasn solutions in/ . In this case it's bet,

Ezy"= 3 has solutions mod2 but no solutions mod 4 .
(So no solutions in 21

X+y+z= 7 had solutions mod 4 but no solutions mods .
-----(

Euler's Formula If am are integers ,
m21 and gcd(a , m) = 1

,
then a

P(m)
= 1 modm .

-

This generalizes Fermat's Little Theorem : if p is prime and gid(ap)= 1 then al= 1 mody
so attl modp .

The proof of Fuler's Formula is the same as the proof of Fermat'sLittle Theorem
Both are special cases of Lagrange's Theorem for finite groups.

Eg.
Find the last two decimal digits of 1234567531

i
.

e . find r+90
,

1
,

2
,.; 993 such that 123456753 =r mod 100.

12345675 = 67531 mod 100

67 is relatively prime to 100 so 679 = 1 mod 100 where $(n) = d(25) = &(2) (5)

= (22)(52- 5) = 2x20 = 40 So 671 mod 100 531 = 13 "40 + 21

67
531

= 67 1 x 40
+21

= 16. 67 = 67"mod 100



mod 5 Solving a pair of congruences
If gcd (m

,n) = 1 then

modsia the system SX moda
has a unique solution mod mn.

eg .

solve Emod =B mod.

E is tririal . Given X= 13 modes, we compute
x= 13 = / mod

- takes a title more work. X= 13 = 3 mod5.

eg . me Solve emod mot
26 -29

Answer without completing all 754 entries in the

X = 23 mod 26 Find the inverse of·
table .

26k = 4 mod29

x = 26k + 23 = 27 mod 29 26 mod 29.

-



67 =? mod 100

decimal 2025 written in binary?
67 = 67 2225

square
b = 89 mod100 67= 4489 : 89 mod 100 !

squary 67=89= 21..
22253 ro

square(678 = 21= 41 .--

square
67 = 41 = 81... -

r(

67" = 67'67467 = 81 . 21 . 67 = 67 mod 100 I r
so 123456753 = 67 mod 100.

r/

2025= 1111110100 It

Fast exponentiation using binary representation of the exponent : 21 = 16 + 4 +1

i
.

e.
2025 = 1024 +512 +256 + 128 + 64+32i

.

e.
The decimal number

2ia + 8 + 1

202510245122561286
Computing a "modu can be done in polynomial time. See Chapter 16 :

... repeated squaring.


