


(2,+ I (x,y = Q)
· X+ ye !

How many points on the circle x*Y= 1

(3 · , is
have ractional number coordinates ?

·
(1

,
0 Not (*)

-A O Are there infinitely many "rational points" on the unit circle ?

·( ,- (5,) 22 34=5 solution of x+y= = (x,y ,
z +2)

t
Aythagorean top is a triple (9 .

b
,
c) of positive integers abic , satisfying a+b= c.

eg . (3,
4

,
5)

,

16
,
8

,
10)

,
19

,
12

,
15)

,
(5

,
12
,

13),. .

A triple (a ,
b

,
c) is initive if it is not an integer scalar multiple of a smaller triple e.g. .

(3
,
4

,
5) is primitive ;

16
,
8
, 10) = 2 (3

,
4

,
5) is imprimitive ,

as is 19
,

12
,

15) =3(3
,
4

,
5).

There are infinitely many primitive Pythagorean triples.

The triple (3
,
4

,
5) yields eight rational points (*) ,

(F* , 15) .

So does (4
,
3

, 5)

Forem There are infinitely many rational points on the nuit circle x+y= 1. see Chapter 3.

y= m(x+ i

Froof Let me Q .
Consider the line y

= m(x+ 1) through (1,
0).

⑨

We will see that this live intersects the circle in two rational points.

To find these points,
solve 9 b. m is For (x

yy)
.

4
,08 x+ (m(x+1)"= 1 (we have eliminated y from this equation)

This is a quadratic equation in x with rational coefficients.

Since X= -1 is one rational root
,

the other root must also be rational

so (x,y) is rational . Every meQ gives a rational point on the unit circle



Starting over
,

we give a completely algebraic approach to parameterizing the primitive Pythagorean triples.
2 = < ....

-3
,

-2
,

-1
,

0
,

1
,
2

,

3, ... 3 wing of integers,
N = 5 1

,
2

,
3

,
4

,
5
,

-..3 positive integers.
IN has unique factorization . Every ne IN factors uniquely as a product of prince numbers 2

,
3

,
5
,

7
,

11
,

13
,

17
,

19
,
23

,
29

.
31 ,-.

i.e
.
if n = p,RPK =

91 92
:

ge where all pi , g are primes then k=1 and Pig: after re-indexing i necessary
.

e.primtactorizatio oSectors .

A prime number is an integer n) 1 which is not of the form ab labEN
,

a
,
b > 1) .

2/22
= 50

, 13
We'll assume unique factorization for now but later

,
we'll have to explain this.

gcd (a ,b) = greatest common divior of ab ⑮
for a

,
be IN

eg. gcd(6%--

(3
,
4

,
5)

,
(4

,
3

,
5)

Pythagorean triple (a. b
,
c)

,
a

.

b
,
c positive integers with a+b= 2

(a ,
b

, c) is primitive if it's not a scalar multiple (ka
,
kb

,
ke) with k> 1 · (6 ,

8
,
10) = 2 (3 ,4,

5) is imprimitive.

If (a ,
b

,
c) is a primitive Pythagorean triple ,

what can we say about the quity of a
,
b
,
c ?

ab,acan'tallbe evenand theycan't
all be odd. In fact one mssee - the quality of being even or odd

Can ab be odd and a even ? No
Integers mod 4 */4*

= 50
,

1
,
2

,33
If a

,
b are old then a+b = 2 mod 4 but if c is even then c= O mod 4 to

There is no Pythagorean triple (a.b
, c) with a

,

b odd.

So every primitive Pythagoreanfriple is either (even
,

odd
, odd) or Cood

,
even

,
odd)

without does of generality ,
take lodd

,
even

,
odd i.e . ac odd

,
b even



We will prove :

Teen Every primitive Pythagorean triple has the form (a,
b

,
c) : /min

,
zmu

,
until for a unique pair of

relativelypineintegers mof oppositeparityLie
one even

,
the other oddl with myn (or with a rese se

Towardstheproof,let'sobservethatin aprimitive Pythagorean triple (ab
,
c)

, any too of ab are relativas

Suppose (a ,
b

,
c) is not primitive,

i.e . (a,

b
,
c) = (ka,

kb'
,
kc) with K2 · Then god(b) + 1 (gcd(a,

b) -k)

god (a
,
d#(

Suppose (a
,

b
,
c) is a primitive Pythagorean triple . Why must gad (a,b)= 1 ? god (b,

c) + 1·

Why must god (a
,
c) = 13

Why must god (b,
c) = 1 ?

:Thtipp
Given a primitive Pythagorean triple (a,

b
,
c)

,
a+b2= i

factor of both a and b
.

But then p is a factor of'aubuit gcdlabthenthereisaprime member p whichan

Then a =pa,
b = pb,

c = ps ,
(a ,

b
,
c) = plaib',c), a, bic -IN

.

Then (ab,
c) is imprimitive.

What abouta+b" = c ? (a,
b
,

c,n positive integers) For n> 2 there are no solutions.

This was known as Fermat's Last theorem
.

Proved about 30+

years ago by Andrew Wiles and others.



primitivegotiplediWrite m=g
,

n= so mntIN .

= 51
,
2

,
3, ... 3 positive integers.

my n=1 . Then gad (m,n) = 1
. Why? If not then there is a prince p

which is a factor of

both m and n
. Then men = c is a multiple of p and

this is impossible since gad (a
,
c) = 1.

m-n = a .....
- - - p. Then m and a must both

(E= m . n An integer squared equals run where min are relativelypriveelect follows directly for considering
the mine factorization on

both sides
. We will discuss

I

uniqueness
of prime

factorization later.Eee100
= m

100
be

m = M2
,

n = N2
,
M

,
NEI.

= 2x50 c = m+ n = Mi+N2-

Aside = 1x100 = Miv"
a = m-n = M2yz

S b = 4M2N2
b = =2MN M > N-1
b = 2MN

If M
,
N are both add then ac

would be even which is not true , So god (M,
N)=

M,N must have opposite parity(one is even;
the other is odd).



Are there infinitelymany primes of the form n+ 1 ? C .g. P+ 1 = 2 We believe the answer is
2+ 1 = 5

427 "Yes" but the problem
Goldbach's Conjecture : Is every even number : a sum of two princes ?

is open.

eg.
4 : 2+2

,
6 = 3+ 3

,
8 : 3+ 5

,
10 = 5+ 5= 3+7

,
1 = 5+7

,

14 = 7+7 = 3 + 1

The Rieman Hypothesis : more about this later this semester
. (Biggest open problem in mathematics)

These are infinitely many prime numbers
2

,
3

,
5
,

7
,

11
,

13
,

17
,

19
,

23
,

29
,

31,...

Are there infinitelymany twin princes ? e.g. 3
.
5 5

,
7

,
11

,
13 17

,
19 29

,
31 etc.

Importance of Fermat's LastTheorem :

Try to use an idea similar to proot of classification of primitive Pythagorea triples. =/
eg .

to show Y+y =z has no solution in positive integers x
,y ,
+I :

y = E-Y = (E- x)(z+ xz + x) = (z- x)(z-wx)(z-wix) Wo +woo
= 0

EachofXaes a
,
b

,
c = *10] = Gr + sw : r

,
se23 - 8

z- wx = 3 is the ring of Eisenstein integers. = 22

This leads to a contradiction
, so we get a proof of Fermat's Last Theorem in the case of exponent 3.

This idea works a lot of the time so we can prove x"+y" =z"has no solution for certain values of n.

The argement fails formost values-a because of the failure of muque
factorization.

One early goal of our course : explain why I has unique factorization and most similar rings
do not have unique factorization.

Back to foundations of arithmetic ofI
.

See handout on the integers on the course website.



a
,

b, c, .. are integens : a
,

b,, ...- = 9 ...,
-3

,

-2
,
-1

,
0

,
1
,

2
,
3

,
4...

Wesaya deb
i baka for some ke (writtena

alb = a divides b

3 divides 3 = 3.1 #) b is a multiple of a

3 divides +2 = -4.3 = a is a disonof.
3 divides 0 = 0. 3

3 does not divide 5. The divisors of 12 are 11
,

12
,

E3
,

#4
,

16
,

112
·
There are exactly

twelve numbers that divide 12 : :e. - 12,6
,
-4

,
-3

,

-2
,
%

,
1

,
2

,
3

,
4

,
6

, 12.

The divisors of 10 are 11
,
12

,
15

,
#10.

·
(There are eight

divisors of 10).
The divisions of 14 are1

,
12

,
17,/·

The divisors of 5 are #1
, 15·

The divisors of 1 are 11.
(two divisors

The divisors of 0 are O
,
1

,
12

,
13

,
14, .

0 = 17 . 0

Given two integers ab ,
their common divisors : Rangeofdifficulty ofcomputal probla

The divizors of 68 are1
,

12
,
14

,
#17

,
134

,
168 factorization hard

The divisors of 10 are 11
,
12

,
15

,
#10· find gad easy

The common divisors of 68 and 10 are1, 2 :
.e .

-2,1
,

1
,
2. testing primality easy

The greatest common divisor of 68 and 10 is 2.

Compute gad(a,
b) efficiently using Enclid's Algorithm Divisors of 68 : #

,
12

,
14

,
117

,
134

,
168

Divisors of 0 : 0,1
,
12

,
13

,
14, ..

gad (68,
0) = 68

Common divisors of 68 and 0 : #1
,

12
,
14

,
#17

, 134 168

god (0,07 is undefined Greates.... --- -: 68



Computing g(d (513, 381) = 3 Division Algorithm : Given a
,
dI with d > 0,

there exist uniqueq,rel such that a = qd + w
,

Ord.

(If =o we say & divides a i
.e . d a

. (S r is the remainder ; a is the quotient.

11% = 7 + 15 + 12

15 I
The gad(a,b)
is

nonzero remainder
(a ,

b -X
,

not both zero)

The extended form of Enlid's Algorithm :

3
= 5Br + 381s , rse].

god (513,
3817 as an integer linear combination of a and b.

We can write god(a,b) as an integer linear combination of a and b.

3 = 513426 + 381x (5)

This tells us : 9513r + 381s : r
,sel3 = 33t : tex3 = 3 . . .,

-9,6
,

3
,

0
,

3
,

6
,
9

,
12

,
... 3

Shorthand :

38513 i
.e .

(x513 + 0 x 38) = 513

o I
381

i
.

e .

1x 513- 1x381 = 132
132

I

-23
117

i.e .
-2 x 513 + 3 x 381 = 117

-4 15

-zi ge (53, 38) = 3 = 26x53 -35x5



Congruences ; modular arithmetic

If n is a positive integer then we write =b modn whenever at is divisible by
= n/a-b

3 a
a

2
ab is a multiple of n

al

O·

0

&

on-
[

eg . integers mod 5 : Every at2 is congruent wods to exactly orof 0
,

1
,
2

,
3 04 h.7x8 = 56 = 1 mod5 (56 isegment to 1 mod 5 because 56-1 = 55 is

divisible by 5).
33 = 78 mods because 33-78 is divisible by 5.

33-7 mods 4
33 #6 because 33-6 = 27 is not divisible by 5.

Look in early chapters of textbook and my handouts including integers
If (a ,

b
,
c) is a primitive Pythagorean triple then c = 1 mod 4.

1 c = mi+22 where min are integers of opposite parity so c = 0+ 1= 1 mod 4)



Solve For x,ye : 3x + 5y = 1 modt ↳5 1 :
. Ex+5=4x +

y = 3 modF
4 13

mod7

Solution : x= 0
, y= 3 modt. 064 i

.e
. by = 4

Check :
3 . 0 + 5.3 = 1 mod7 013

4.0 + 3 3 modt. 3 O -14

30 O i.e.
3x= -14

= 0

ie
.
(x,y>

+ 50,3)
,

(7
,
3)

,
(-7

,
-4)

,
(-7

,
10), ... 3 I O O

infinitely many solutions in 22.

#satisfyingour congre 3 = 30,
1
,
2

, .... 63 abbreviatedfor simpliciti
5x6 = 2 in 11/72

J= 10) = 3 ....
- 14

,
-7

,
0
,
7

,

14
,

21, ...
i.e

.
5 x5=

T = (1) = S..., -13
,
-6

,
1

,
8

,
15

,
22,.. 3

5x6 E2 mod I in I
etc.

3x+ 5ySolve :

4x + y for xyt 4/12 = # = 90,
1
,

2, ...,63 Finite field of order7

Answer(x ,y) = 10
,
3) is the uniquesolation in

"
= & (x,y) = x

,y+ 3.

Equivalently : Solve S3x+5y = 1 mod7
For X,yeX.4X + y = 3 mod]

There are infinitely many solutions of this system of two linear congruences in two unknowns
X

,ye , namely x = 0 modE
, y = 3 mod7 .

ie
. XtS...,

- 14
,
-7

,
0

,
7

,
14

,
21:3

,
yeS..., 11

,
- 4

,
3

,
10

,
17

,
24:33



Solve 4x = 5 for X-#=y
= 30,

1
,
2

,
3
,

4,5,63 (integers mod 7).

If we were working in R or in Q
,

X= .

In E ,
the answeri is technically correct

but this is not simplified.

A
The unique solution is x= = 3.

=
-

In I
,
solve the congruence 4x = 5 modt

.
Solution : x= 3 modt i

.

e . XeS-,11
,
-4

,
3

,
10

,
17,

... 3
It x is a positive integer such that the Last two decimal digits of 41x are O i

.

e,

41X = DBBBBBO ,
what are the last two digits of x ?

Solve 1 = 1 mod 100 .

We need the inverse of 41 in 4/1002 = 90,
1

,

2
, .., 993

gad (100, 41) = 1 = (16)+100
+(-39) x41 = 1600 - 1599

check :

,10 1 = 41x(39) = 4146

1-218 Solution : X= 61 mod 100
255
7 -73 i.e. the last two decimal digits of X are 61 .

- 9

↳is
O

Note : 45x = 1 mod100 has no solution for XtI · gad(45, 100 = 5 + 1.

45X= 5 mod 100 has multiple solutions mod 100.



Important fact : 1/17 = #y is a field : every nonzero element has an inverse.

This is because if is a prince number.

If p is prime then every one of 1
.

2,, p-1 has an inverse mod p
.

# = /*
= 90

,

1
,

2, ..., p-13 is a field. Every nonzero element has an inverse.

Use Endlid's algorithm to find inverses .

*
/002

is not a field
.

It's only a ring
.

Let x be a positive integer such that the last two decimal digitsofTareWhat are the last two digits of X ? Hint : The last two digits of
Another hint : 67 and 23 are relatively prime.

2367 y67 = 83 mod 100

01 x = 3 mod 100 AllCongresa

= gad(67, 23) = (x67-32 X = x
1/x67- 32x23

= (xb7y/(x23732II

= 67 . (33)" 67 .
41modlow

Check : 87
*

= 83 mod 100. = 67 x61 = 4087 = 87

872 = 3 mod 100. I see previous page



Write 61 as a su of two squares. 61 = 5+ 62 = 25 +36 = /z1 z = 5+6i
See handout

-97.. -

- 97 = 97 42 = 8/ + 16 = 1wR
,

w = 9+ 4;
on complex

In each of these two cases
,
the solution is essentially unique. numbers

6) = 5+ 6 = 67+5 = (2= 6 = 757 + 76 = 6+ 755 =...

there are exactly& pairs of integers (x,y) -> 22 satisfyingy = 61 .

Solutions : (5
,
6)

,

(6
,
5)

,
(5

,
6)

,

4-6 ,
5

,
66 +

5)
,

(6
,
-5)

,
(5

,
-6)

,
75

,
-6)

Given a positive integera ,
we may

ask :

Can n be written as a sum of two squares
?

If so
,

in how many ways ?
or how many essentially distinct ways ?

1003 is not a sun of two squares. Every square
a = 0 or 1 mod 4.

So every sum of two squares iscongrementtoDor2 ud,Since 1003 = 3 modt,
The converse ( "Every positive integer congment to 0

,
1 or 2 wed4 is a su of two

squares) is false . 16 is the smallest conterexample)

5917 is a sun of two squares since 5917 = 61197 .

= (5+ 5) (9747) = 1rF = 1w/
-

where z= 5+6i
,

w = 9+ 4i, zu = (5+bi)(9+4) = 45+ 20: + 54: - 24 =27 -74:
=2+ 742

Actually ,
there are essentially twoisolations to 5917 = xing

eg .

z = 6+ 5i
,

w = 9+4 : 5917 = /Ph= Ewk= 342 + 692

zw= (6+5i)(9+4i) (altogether 16 distinct solutions (x,) +2

= 54 + 24i + 45i - 20 satisfying city = 5917).
= 34 + 69:



Complex numbersK = Extyi : x
,yeR3 ,

i=

If=Xy then +w = (xtu) + lyt)
zw = (x+yi)(n +vi) = Xy + xi + yui -y

The real part of z isxF Teimaginatott iaenters!
= (xy-yu) + (xv+yu) :

(c) = Un+ vie

1zwl = (z((w)# i = (complex) conjugate of z

Conjugation is an automorphism of K : -z is bjective
Etw = Et w

Also

ziyi En = zi

z = z lzwl"= zwEn = zwei = zEwn = EMwl"
=> (zw) = (z)w/



Coming up : Which numbers can be written as a sun of two squares ?
In how many ways can a number be written as a sam of two squares ?

How difficult is it to find solutions of xityn ?

For large prime
umbers p= I modt then there is an essentially unique

solution for p
= a+b2 and there is a fast algorithm for

Finding it.
(If p = 3 mod4 then p is not a same of two squares .)

But if n is a large composite umber (more than one prime factor

then writingas a sum of two squares is computationally hard,

ashandaGoingnota sumofthosquareafour squares ?
I is not a sum of two squares

but it is a sum of three square.

6 = 2+p+m

7 is not a same of3 squares
.

A is a sun of 4 square.


