


(2,+ I (x,y = Q)
· X+ ye !

How many points on the circle x*Y= 1

(3 · , is
have ractional number coordinates ?

·
(1

,
0 Not (*)

-A O Are there infinitely many "rational points" on the unit circle ?

·( ,- (5,) 22 34=5 solution of x+y= = (x,y ,
z +2)

t
Aythagorean top is a triple (9 .

b
,
c) of positive integers abic , satisfying a+b= c.

eg . (3,
4

,
5)

,

16
,
8

,
10)

,
19

,
12

,
15)

,
(5

,
12
,

13),. .

A triple (a ,
b

,
c) is initive if it is not an integer scalar multiple of a smaller triple e.g. .

(3
,
4

,
5) is primitive ;

16
,
8
, 10) = 2 (3

,
4

,
5) is imprimitive ,

as is 19
,

12
,

15) =3(3
,
4

,
5).

There are infinitely many primitive Pythagorean triples.

The triple (3
,
4

,
5) yields eight rational points (*) ,

(F* , 15) .

So does (4
,
3

, 5)

Forem There are infinitely many rational points on the nuit circle x+y= 1. see Chapter 3.

y= m(x+ i

Froof Let me Q .
Consider the line y

= m(x+ 1) through (1,
0).

⑨

We will see that this live intersects the circle in two rational points.

To find these points,
solve 9 b. m is For (x

yy)
.

4
,08 x+ (m(x+1)"= 1 (we have eliminated y from this equation)

This is a quadratic equation in x with rational coefficients.

Since X= -1 is one rational root
,

the other root must also be rational

so (x,y) is rational . Every meQ gives a rational point on the unit circle



Starting over
,

we give a completely algebraic approach to parameterizing the primitive Pythagorean triples.
2 = < ....

-3
,

-2
,

-1
,

0
,

1
,
2

,

3, ... 3 wing of integers,
N = 5 1

,
2

,
3

,
4

,
5
,

-..3 positive integers.
IN has unique factorization . Every ne IN factors uniquely as a product of prince numbers 2

,
3

,
5
,

7
,

11
,

13
,

17
,

19
,
23

,
29

.
31 ,-.

i.e
.
if n = p,RPK =

91 92
:

ge where all pi , g are primes then k=1 and Pig: after re-indexing i necessary
.

e.primtactorizatio oSectors .

A prime number is an integer n) 1 which is not of the form ab labEN
,

a
,
b > 1) .

We'll assume unique factorization for now but later
,

we'll have to explain this.

gcd (a ,b) = greatest common divior of ab

for a
,
be IN

eg. gcd(6%--


