


ES R is

any ring
with identity then R" = Surits inR3 = 9 invertible elements inR3 = SueR :

the units in the ring of uxn matrices over R form a mult . gp . GLn(R). U ForR3
The units R"the untgoup

of R.

If R is a commutative ring with identity
then R" is abelian.

Take C = Salg , integers in K3
,
KIQ finite extension .

We want to describe O = mit
group

of the extension ,
an abelian multiplicative , group

.

eg . &
"

= EEB .
10" > 2 since-0. eg .

K= Q(E]
,

0 = /v],

In a real quadratic field.
O"= 3113 x (2) 0 = 9 = (1+) = k+23

an
-

torsion 90 : ke23 : Iisagen
of the "infinita

part :

theelementsiteaydic gra Note:
"

=E Solutions of
of finiteorder x- 2y2 = 11 are

in C Crootsof unity = El,te
,
Ebert

,
-.. 3 <(10) , (11, 1)

,
(13

,
+2),

in 6) <xX = CHE) = positive elements in C. ... )
.

D= Eunite= Esolutions
onation SARX <1-E) = EE1XTHEY = 8

"

x-dy= =

canonical Trot-
- canonical

Imaginary quadratic fields K= Q Id]
,
do

O is finite since the equation F-dy= #1 has only finitely many solutions

If K = Q (55) then 0= [155]
,

0" = E= 13.
--- (E) 0 = X(w)

,
w:I D " : S1W

, tw's we ·sixth roofs

& CFT= (i) 0 : X(i) = E11
, til

of unity-



Morga
keFed an

Everynumber fielda a

Love-to-one homomorphism of

Horsionx part
o rings)

in n = (K :Q] distinct ways.[finite cyclic r
,

of these embeddings have their

ofGrouorder
written additively image CR ; the other 252

such embeddings non-real.
r
,+r1 = umber of generators. K has re real and zi non real

What are
, in ? embeddings .

KIQ is a number field. K= 01] for some <t K . (Not canonical)
eg. Q(E, 55] = Garbiz+it die :

= Q(x]/(m(x)) a
,

b
,
c

,de3
degree 4 over Q

m(x) -Q(x] irreducible

has r
,
real roots

,
25 non-real roots (rengate roof)

= Q(E+5)

1 can be embedded in $ in n = <K:Q) ways (not conomically) ,
n = r + 25
·

by mapping x ms any of
the roofs of m(x).

Dirichlet's UnitTheorem applies to all number fields ,

Galois or not. 1AwtKI < n.

Equality iff K is a Galois extension

Eg.

K=Qt]
,
d square free, d + 0

, 1
=Qx]/End

If do then = 2,= 0
,

n= r+2= 2
,
rank ritrzl = 2+01 = 1.

If do then r= 0,= 1
,

n = r+2= 2
,
rank+1 = 0 + 1- 1 = 0.



Another example with Dirichlet's Unit Theorem

1 = Q,] = Sa+ bir + c +d Q degree (K : Q) = 4

Every embedding KCI is real (K <>R) i.e. r= 4
,

E= 0
,

n= r
,

+ 22= 4+0= 4.

Dirichlet's unit theorem : 0* E13x i.e . U=Eh : ijiketh]
-

the only roots of r+ m- 1 = 4+ 0-1 =3 gives the rank.

RareI

What are the generators a
,8,

0 unity in this case? (fundamental mits)

K= /E
,
] These are all the fire subfields ofK by Galois theory
- I
Qis15 ite =(1+2) muits in Q[E] x2- zy= = (I+E)(re) : +

-1/ = (2+ --- - Qis) (1+ r(k(- 1 +z)= 1

- = (5+256) --- (t) (2+5)(2-5)= 1

-by= #1 (5,2) fundamental solution
Is U" = = (Hel"(2+)

*
(5+256)", k

,
0

,
m+R ? (5+ 255) (5-250) = 1

No
,
these are only 25% of the units in K.

First of all
,
U= Salg ,

int. ink] = Sa +b +c+ dite : ab
,

c
,
de 23. Since !

,
E

,
5,6 are

Actually U= (1,
1

,
55

,

%, ) = (1
,E

alg .
into

Itt the,,- =0.X is an alg ,

in

In fact atis the (Et=+= 5+25.
= He (1+ r) ( - 1 +z)= 1 . 1 = 1032 p

"
= B:(10B-)



Checked using PARI/GP.

fie -> I
In this causeatanalyticinaregionCope setpartistsza

in some disk Iz-zokr in R.

# A function of is meromorphic in i if at every point zoIt

it has a Laurent expansion F(z)= -zo)
,
k+

When Into with <0
,

we have a pole of ordert Cassuming his
the largest such)

A has a simple que at to hasanessal singularitytoworse teaa a01z-zkr
in M

a = Residue of f atzo.

⑳8 if
fizidz = a = lim (z-zo)f(z)

zuzo

S(s)
, 5x(s) is meromorphic in $ with a simple pole at s=

1
.

Regi = regulator of K

Class number formulaim (s-(s)=Reg,a hi = class number

Wis = number of roots of
resitteof Ex(s) unity in K.

at its simple pole
n=K:] v

,
= no of realembeddings KGIR

= r,
+ 2 24 =.. --- non-realembeddings KK



Every number field KCQ
has the form K= Q(a] EQIY(m(x) MIX)= min . poly of 2 over

Q

eg .
K= Q(E

,
57 has r = 4 real embeddings KLR

5 = 0 nowed ... K

eg. a = T2 +E is a generator
k= Q(x) = Q(*/(x 102+1)

=4 real rootsees

2r
:

= 0 non-el roofs.

I worked this out with K= Q(E5] Rege= 1 in this case h
,

= 2.

Remarks about computation :

3(2) = 1
. 855557

YYp() = 0
.

53892

Ex has no pole at 1
.

It's a Diricht Lfuntion=

The Rieman zeta function (11)= + 0(1) as sel it. Residue of Els) at s = 1 is 1
-

S(x)=i converges by comparison
with 9t = + ((x)< + 1

X-1

Creat



Remarks about class number hi of a quadratic number field K = Qlid] :

We know only finitely many imaginary quadratic fields have class number I
, For

d = +
,
-2

,

- 3
,

-7
,

- 11
,
+9

,
-43,67 ,

+63 eg. Lalit = 2

In fact h
,
-o and-

We know much less about the real quadratic fields.
we think there are infinitely many real quadratic fields with class number 1.

ente = 262537412640768743 .
9999999999992507259 ...

x+ x + 40 has prime values for X= 0
,

1
,

2
,

3, .... 39

There is no nonconstant polynomial f(x) -X(X) having only prime values.

There is no known polynomial f(x) -X14] of degrees 1 which is prive infinitely often.i Is F+ 1 prime infinitely often ? Open problem
disc(x+ x + 41) = 1 - 4. 41 = - 163.

640320" + 744 = 262537412640768744

The polynomial X+h has prime values for x= 0
.

1
,

2: k-2 (k > 0)

= kt 91 ,
2

,
3

,
5

,
11

,
17

, 413
= hacres - I

,
d= 1-46

* d + 9-3
,
-7

,

-1
,
+9

,
-43

,

-67
,

- 1633



Where do Dirichlet L-functions come from ?
Dirichlet characters are functions:-> satisfying Xlab) = X(a)y1) and some additional

properties X(1) = 1
, X(0) = 0 unless X = 1 identically (we usually ignore this case

x() = x()X(#) = X(.) = 0 or
1
.

X should be a function on /n2 i
.

e
. X(a) = X(b) whenever a = b mod n.

2 - 4/254
IX is a Dirichlet character mod n in this case)

The Dirichlet stuction correspodg proof : use FTA (Fund .

There of Arithmetic :

unique factorization in 2)
= E - It

Enter factorization
eg.

There are flo = 8 Dirichlet characters mod 20 including
20123456789101/1213141516171819202122232425 ..

Y 01010001010 + 0 -100040 + 010100

L(X
,
3) = I+ i + Ep +5-ib- ip + Ep+*Es- -----

↳ has flerfatorsat
((s) = T For p= 2

,
(2) = 82 , 82= (2

,
175)

, N(82) = 2, ·----:Same at p
= 5.

3) =Fig Fap,N ...
For p

= 1
, (11) = 8, ,

N (8) = 1= 11

Same for p= 11
,

13
,

17
,
19 modio (p remains prime)



Why do we care about Tirichlet (functions ?

These are essential for proving :
a

,
k =2

Pinchlet's tem : Every
arithmetic progression a

,

atk
,

atzl
,

atil
,

a+th,
...

k > o

contains infinitely many primes i
.
e . there are infinitely many primes =

k noda
.

gid(a,k)=

The number of Dirichlet characters mod5 is 4= 415)

Let X be a
Dirchlet character mod5 : Y(a) only depends on a mod 5.

X(ab) = y(a)X(b)
X() = 1

.

X()"= y(24) = y(16) = y() = 1 = X() +9, i)
n 0 I 234567... X(47 = X17s

Xp(n) 0 I 1110 1--- X (2) = X12)
X,

(1) 0 1 i -i y 0 i -

X()) = 1

X2(n) 01 - 1 -110 1 + ---

Xg() 01 - i i + 0 1i
-

X(k) is either o or a root of unity
Lifgad (k,

n) >,) (if gad (k, n)= 1 )

We'll discuss the special case of Dirichlet's Theorem for n= 4 :

These are infinitely many primes I mod and

---------- mod I



Warm-up : There are infinitely many primes.
-Erid's pro direct Isum over princes p)

=+ 3 + 5 + y +++ f....

Compare : Let ALI be the set of all positive integers not having 7 as anyof its digits.
A= 91

,

2
,

3
,

4
,

5
,

6
,
8

,
9
,

10
,

11
, ..., 16

,
18

,
19....3

It < %
· So A is in some sense less dense than Sprimes3 = 32,

3
,

5
,

7
,

11
,

13
, 3

htA

Featwith S(x)=, x>1 · Comparisonwithgives
X-1

S(x)-> as X- It

Helpful in Hwl #6 :

- ((l-u) =h() = u++ ..., for 101 . If N(X) = - 1 then

N(xz) = 1

S(x) = Tit for >I ptSprimes] eg. in K= Qo]
,

solve-say -
M+ 1 = 101 yzI E() = Glut u= + (0

,
1)

(x,y)= (10
,

1)

in = 1 + u + n+ y + ... For Ink1.

Tra==E
Targe Tal = 201 + 20Va



For all x31 (miformly) i++ n4+...=
for luk

&===
= -

so = duE(X) - (e) Yo all x > 1.
#

in 10, ↑ 2(p"- 1)
p = 2p"-2

Asx-It
, luS(x)20 but (small) s s 24pY P

So there are infinitely many primes. And moreover, diverges.
Thereare many profe of the infinitude of primes : including

· Euclid
- Enter
- Furstenberg

Dirichet's proof builds or Euleis proof
Mod 4 case : There are just two Dirichlet characters mode since #(4) = 2

If X : 2-K is a Dirichlet character mod 4 Thenwhere he made--- ged(k,) >, (k even

k0123456789101 ...

X 0 1 0 1 0101010 X(3) = y(9) = y() = 1

Y(4010 + 010 + 010 -.-



Two Dirichlet series mod 4 :

↳ (s) = Lyk)=+
(l-55)L

,

(s) = (H+ + (st ...)(l+ z + 5+E ++ + ... )

= I+ + 5 + 4 + 5 +- +.. = 3(s)
For XX1

, Lo(X) converges ; 10(x)-> 0 as xe It

"(1)(
t

↳ (x) = (k)= = 1 -- +E - 7 + - -+ + for X > 1.

when X- It 1- y + 5 -y + T -T +... =L, (x)->Fonly came that ifx = 1-x+ x
+
-x3 + y8 - x*+... ((x1 < 1)

this converges.
taix = x-1x .. ((x) = 1)

((x) +2
,
(x) = 2(1 + = + +x + +y + +x +) =22i (x> 1)

n= I mod y
Lo(x) - 4

, (x)
= 2(z) + = + m +T + ... ) = 2En (x 1)

n= 3 mody



en Lo() = RT/1)=
k=

When -It
,
GL-0, so

, (small terms bounded forX

&to
stays bonded

24
,2)

=

2
- +F-t-is it - is

-Es +-,
+ -- &1) *)1

not alternating series

For all x>1 :

hL(x) +li
, (x) = 22 + guibed )p= /mod4

= 2)x+++zx+) +

hL(x) - hL ,
(x) =2

+ (unit. bdd terms for ally,

= 2(*x++x
+ Tgx +2x + -)

When -It
,
Le +, ((x)-pos constant so lab) + hLx-* - & -o

du Lo(X) -In L
, (x)-

p = /mod4

-



Reciprocity Laws , starting with quadratic reciprocity
let p

be an odd prime; # = </2
= 30,

1
,
2

,
..., p-13 is a field.

Excluding O
,

half of the elements of #p-107 are squares ; half are nonsquares
i
.e= Ismateres

The map # + #p ,

X **** is 2-to-1 .
= Inousquares)

eg . p= 7=: nonzers see

N = 53
,
5

, 63 : nonsquares·

If OSE# is a square then s : a" for some at #-909 Sois has two roofs t

x= a
?

It's convenient to denote (x+a)(x-a)= x-a= 0

The only roofs are X= 19.(f) = 30 ifnameda (quadratic Dictter Since pE2 ,
at-a.

a=9 # 2a= 0Legendrea
prime; (4) = () One proof ; use Fuler's Criterion.

a t1
(f) = at mod

p.
=> O or #1

Proof of Euler's Criterion : Use Fermat'sLittle Theorem.
For all at I

, p prive, aP= a mod
p. Now if p is an odd prime :

at = I modp if a to modp.

Every element of #p is a root of -x(x) xi-y = x(x1) = x(x* ,)(x*+ 1)



How to compute (f) ? (given +X, p
. prive

Ef ap are hundreds of digits long : Use Euler's criterion on a computer.
If you're working by hand using numbers that are up

to aboutfour digits : use

the Laws of Quadratic Reciprocity.
(g) = =( for any old prices p+ &

4
+ 1 if at least one of pig

is = 1 mod 4

- if p = q = 3 mod 4.

(2) = Sif PE
mod,

(i) = S , if PE mada 3 Proof : Euler Criterior (1
*

= (i)

More concisely : (t)() = (19 Law of Quadratic Reciprocity
(p2- 1)/8

(
Example Compute (3)=) ) = -( . (E) = -(() = - (1) · (1) = -1

So 60 is a nonsquare mod 7703. ( = () =



Proof of Law of Quadratic Reciprocity
we use the quadratic Gauss su for pan odd prime :

= e primitive th root ofmity (C= 175
,
glyp ... + y + 3+ m = 0)

S=
g root of xP-1 = (x-1)x+quadratic Gauss. E

Eg . p
= 5

, S = 3-923g4
,

y= / (cyclotomic poly . (

goo
1 = 95

= (9-9291942 = 394+9 + 98 gz
·

·

y
=

- 29- 294 + 25+ 29 - 29-297

=-2 +2
= 4 - 5 - 32 - 33 34
= 5 -13 + 3+ 9+ 34 = 5

Emma If S is the quadratic Gause sure (defined above) then 5=p
= Sp PEmo

i
.e .
S (5)=1 p

By the way ,
this implies that S : & ifPEmode In fact both of these "I" signs

turn out to be "
+

"

But
↑

this takes a little more work
and it's not needed to prove
quadratic reciprocity.



Phen Substitute 1= km for each b
, 0xmap+

= mg (E) = (e) = (g)

= ( l
a

= when m =

p-1 ,
the innea samis (f) =p

when Om = p-2
, the innersum is 9++ ... +gP" = -

= m+ 1 nonzero integer mode
i.e.

1+S+32 ... + GP o

=+H
one term is o=(-(y) -f()] = (i)p . I
Eterns equal +1 (for zer
F . .

. . . - / (forknous)



Efg is prime them (x + y)9 = XI + y9 mod g.
in #g(x,y] ,

(x+y) = x2+y2
Use Binomial Theore (+y72 = 4

+g+ ggtsi
Complete the proof of Quadratic Reciprocity :

S=g where e PEq odd primes

S = (p)4 Take E power of both sides

(g = (p
(E) = pEmods (Euleris Criteria)

Multiply both sides by Snot by above (Freshman

Moda =ke
l= ke

Dream"

in=Multiply both sides by S

# 5= #p 0 mod I
S

(E) (E) = (_) since is an odd prime. salg ,

int .3 1Q= I



Modular forms & elliptic curves N
.

Koblitz

We'll start with elementary treatment of elliptic curves.

LetF be a field. Thesolutions of y= f(x) = artbyxd lab,cd
where god (f(x), f'(x)) =

form an elliptic curve.

First careat : Elliptic curves can be expressed in a moregeneral form but after "change
of coordinates" they take on a more standard form Weierstrass Normal Form suggested by

ourFormula .

Second careat : There is apoint at infinity" on thecurve missing from our description.
General fact : The points of any elliptic curve form an abelian group.

Eg .

F= R
,

cre y
: -X is an elliptic curve

-
Topologically this are is Si S'

Y
The same equation overD gives a more complete picture D to

Importance of elliptic curves in number theory
· proof of FLT

· cryptography : most important public key cryptosystems
Diffie-Hellman

,

RSA
,

ECC = Elliptic curve Cryptosystem
· primality testing Pseudorandom

ubee generatiare



Concrete example E : ye= xi-x+ 1 f(x) = X-X+ 1 has three
one of

=> "
symmetric about X-axis : distinctcomple roosof rational).
(x ,y)+E =(x,y) + E.

(0
,
+1)

,
(1

,
1) E Any other rational points on E

?(5
,
=11)

,
(3 ,5) CE 1= 121 : 53-5+ 1 = URI

There
are infinitely many

rational points on E because :

E Solve 93 m ↳
(mx+b= X x+ 1 for y Earerically , a curve of degree

Eg . (0
,
1)

,
(1
,17 E lie on secant line y

= 1-2x m intersects a curve of

(-2x) = y-x+ 1
degree orn points.

1-4x+4x = x3-x + 1

E.10, 1 - E lie
ontangeline O=-4+ 3x = x(x-1(x-3) gives Es

zyy'= 3x21 at 10
,
1)

, y= -i Solve[x+

(l-2)= X-X+ 1

2y' - 1 1- x+ E = y-x+ 1

0= Y-E= P(x-)



Group Law on E : There is an abelian
group operation"-" defined on

the points of E defined by :

s i 55ersJ+j+5= 0

But I has
coordinates in

The identity element O is the unique point of E at infinity Q)oradegreield

The real points of E form an additive abelian
group

ECR) J ( (
not a rational point.

and over I we get the national points ofE = X - X+ 1 =- +

which is a subgroup E(Q)
E : y = *x+ 1

= 1-

Why is the group law for
addition associative ? =

· Check using coordinates
· Ugly but elementary (1-53)2 4-25

This gives no insight.
· The

anamazuwta
EER)

· More insight :



Th

isaquasgo (associativego bringtoB
The proof that AtB is associative use

elementary but less technical arguments than

#If



E(E) = points of E over #5 = 50
,

1
,
2

,
3

, 43
E : y = x

*
-x+ 1 *

2 ↓ solutions
8 O

34 I I

E(#5) = 50
, (01 , D , EX , (3,

03 is an abelian group
of order. .

11
,

14
,

41
,
44 "so

13
,
07 - E(#) is the unique element of order 2 32

.

30 + 30 = 0

SoEmustbecyc-

O OI 4114 30 114404 O
Eg
.

41 + 44 =0in3
4) 4114 30114484

O OI 41 + 30 = 44

O

I
O

slope of secont joining 41
,

30:14 14 30 114404 O OI 41
secart line :

30 30 114404 O a 4114 y = x+ 2

Il 11 4404 0 01 41 14 30 X + 1

04 0 O xex++2 (x+z)= Y-x+ 1

-00141930 *x+4 = -x
0 =X*-xz+2

*-2x + 2

- =(x=3)(x-4)(X+1)
= (x-2x+2)(X+1)



Also over # consider the elliptic curve y y+x+

+x + 1 y The elliptic curve has nine points so Elis)
is a

group of ordera& Eltz) = 50
,
01

,
04

,

21
,
24

,
31

,

34
,

42
, 433

Cyclic of order 9 ? or elementary abelian ?
(a) (CX(z)

How
many points are on an elliptic curve over a finite field #,

giph , p prime, 1 ?

E : y 2 = f(x) = x+ax+bx + c

The number of points on EF) is (E()) =

p
+D+

Expect (EC)/1 p+ C
Actually : (ECF + 19-25 , g+25] identity O =

point
((ECF-(+) -

> 25 Hasse-WillBound
square roots

of fee) in #p.



For E: y
=

= x
*
-x+ 1 For EEs

,

Y-X+ 1 = (x+ c) (x+ 10)
Discriminant of -X+ 1 is -23 Roots : 20

,
13

,
13

p(E(t)/ He bounds Compare : the more y Y+Y=x,
5 g [2

, 10]

F [3
, 13] -

i T 17
,
21] a / points

16
,
18y

17 [10
,
26] Curve of degree 2 : circle

, ellipse, hyperbola, parabola
19 22 [17

, 28]

2 37 120
, 40] Anellipticvea set [A

35 121
, 43]

37 36 126 , 50]
23 24 but ECE) is not elliptic carve ; it has genus 0.

Ellipticcurves are awvesofgerof degreed and gray,a
the

number of points overEa is in the interval (gt-2gg , gt +got
IX(q)-(q+ / = zgta



0-
Pythagorean triples (ab , c) ,

a+b = c * ( , 5) rational point on R+y=

40
For arousingular cove of degreed , genus

=

g : It)=2)

-

no sing pts For d= 1
,
2

, g
= 0.

i.e. Smooth curve
For d=3

, g = 1 Celliptic curve)
i.e. well-definedtangent at

every point of thecurve Ford 4, g> 1.

For amore with singular points. 9 (&)
Algebraic curves are closed complex curves g = (d) - Starting
- Orientable closed (real) surface

Ox ⑭Sit
g2 g=2

g= 0 torces
g = 1


