


Rational integers ("ordinary integers") = 9. . .,
3
,

2
,
-

,

0
,

1
,

2
,

5
,
4

,

... 3

Algebra ileges: Anumberagaiif itirototnonzeropoly withcficientoa
not all zero.

eg. is algebraic since it's a root of -- Q(x] or 49x 2 ->*/x].

We say a is an (agebraic) intgen if a is a roof of a mic poly ,

with coefficients in Iie.

f(x) =0 for some f(x) = Xi + a... x"" +... + a
,
4 + 90

,

9: +2.
Calgebraic

eg. I is integral (it's an integen
If D = ExeK : < is an algebraic integer?. < ACK Dis theof alg

ita numbers.
C = SatK : a is algebraic] <I

To
On Q = & (the rational integers are the ordinary integers) . 194

Cordinary) #161 #72

Pell's equation:25y2= I has infinitely many integer solutions.
# 2889 #1292

R-5y= 1 Et (+ y55)(X-y5) = 1 whereyes - O has Norm is N(x+yrt = (x+yt(x-yr) = E5yz ::

W(B) = N(a)N(p) so if a= 9+ 455 then N(x) = 9= 5.42 = 1 so Nak) = N() = 1" = 1

eg .
(9+4552= 81+ 80 + 7255 = 161 + 7255 also has norm ! so 165- 5.72=1

19 + 45)"= (161+7255) (9 + 455) = 2889 + 1292 X = E+5

A is the traction field of 0 i
.e. A = E: , B + 0

, p+03 y= 5+ 25

& = 95 : abe
,

b +03 .

x25= 25

**- 10x2+25 = 24

eg.
E, O /root of x=2

,
X-3 respectively (

x= - 10x+ 1 = 0

= E. B = + 0 Croot of x=6)

-
E2 +5 - 2 Croot of

xoxl poly of retts one A



Let tIfisalgebraic then ithasamimaorem
i ma polynomialsis

Q [x] having a as a root are multiples of m(x),

(m(x)) = \h(x)m(x) = ((x) + Q(x)]
Q(x] is a principal ideal ring (every ideal is principal) .
Review : Let R be a commutative ring with identity 1-R

. (eg .

&
,
Q(X]) .

An ideal is a subset JIR
,

0-J such that J is closed under Rilinear combinations i
.
e .
ratsbet for all

r
,
seR

,
abe J . (Every ideal is a subring but not conversely).

Given a
, ..., apt R

,
these elements generate an ideal 190

,
92,k) = Gra,

+ ran + + rap : r
, ...ERY CR.

eg .

in
,

(21
,
67 = S21r + 65 : rst3 = (3)

Every ideal in I is principal i.e. generated by a single element.

Return topreviousSeng algebra
with kene) J = [f(x)-Q : f(x) =o <Q1x7 an ideal.

f(x)o f(x) Since a is algebraic,
J = (m(x)) with m(x) + 0

.

Scale m(x) if

needed to get m(X) monic. Then m(x) is unique ; it's the

minimal poly of a over Q.

& [x] is not a principal ideal ring
Q(x,]] .. -...

-

In Q(x ,y3 , (xxy ,y2) = [f(x,y)eQ(xy] with no cost
- term

,
no xterm

,
no y terms is a non-principal ideal.

This ideal cannot be generated by H or 2generators ; you
red at least 3 generators to generate it.

In Q (x,y]
, every ideal is finitely generatedthere is a finite list of generators) (Hilbert's basis theorem>

In numbertheory ,
a h field is a finite extension KIQ eg . &=Sab

: abQsite



IK : Q] = degree of the extension

(EiF] = degree of field extension EIF (F subfield of E)
= dimension ofas a vector space over #

[QCE] : Q] = 2 Since E
, E3 is a basis for Q(E] over Q

C > R > Q

(K : R] = 2

[C : Q]=

[R : Q] = 0.

12Q Finite extension n= (4 : Q] < 0· All elements atk are algebraic i.
.
e . KCA : galgebraic numbersi.

If at K them 1
,
2,

3, ...,"so there exist as
,
9
...; an Q

,

not all zero
,

St . G +94+.. - +a = o

so a is algebraic . (of degree n.
.

The degree of an algebraic number is the degree of its min
. poly .

· (Q : 2)

it O : Salg . integers in K] eg.
Q[I]

=:p- 2) (i) = Ga+b : a beZ]

0 = Er,x,
+... + ran : rit23 a & This is a principal idering41

,
... In base for 01I

X, . .

. In basis for KIQ [E] has infinitely many units

C is not casually a principal ideal rig
, (3+ 2)(3 -2E5= 1

Every ideal JCC
has the form

~

mitsin(52]

J = (a) or (a
,
b) &(i)"= Et (3+2 : ne (*(e) x I



Eg. Q15] > & is another quadratic extension /quadratic number field i

.
e. (DE) : Q) = 2)

51, 553 basis for the extension
Q(F5)

I has unique factorization
2) ICE) = Ga + bi5 : a beR3 12 = 2x2x3

-
= (2)xzx(-y)
= 2x3x2

= (2) x3x (2)

In1 (commutative ring with identity ( I has irreducible elements
ne D" = Guuits of63 if ap = 1 for some Bt O. 12

,
13

,
15

,
17

,
El, ...

O" is a multiplicative group Labelian). I has units 1 (invertible
dements(

The onlywits in [CF5] are IE5]" = SIB.

The norm of xt /F5] is N() = 25,TbE5 = a-bE5
= (a+ by 5)/a-bi)
= a+ 562 ·For a

,B-[[F5] , Nap) = N()NIB).
(xB)(a) (2)(B)

If atbE5 -ICE5]" then N()= a+56- 50
,

1
,
2

,
3.. 3 since abeX

2

aB = 1 for some Bt [155]
N(a) N(p) = N(xB)= N() = 1 => N(x)= N(B) =

1/

2[E5] a+ 5b=

=> (ab) = (11
,

0) => x= 1
.

isableifwith nisamitis if one of a is i . .



In
]

, zisirreducibleap
N(a+ bE5) = a + 5b-

- 50
,

1
,
2

,

3, ... 3
N(2) = 4

# Bis a unit. If N(x) = N(a+bE5) = 1 then (91b) = (1
,
0)

,
a= #1 is a

⑫ unit

⑭ a unit

N(x)= a+ 56"= 2 has no solutionfor a,be
So 2 is irreducible in /F5].

4 is reducible. 4 = 2x2

5
..

... 5= (55)(E5)
6 is reducible : 6 = 2x3 = (1+5) (1-55) where all 2

,
3

,
155 are irreducible by proof similar to above

[SF5] does not have unique factorization
of elements.

B : ideals in OCK 14 any alg.

number field) always have unique factorization ) Aside

ofexportspeigew (1) Las unique factorizatare

In [15]
,

we don't have unique factorization of elements but we do have unique factorization of ideals.

(a) = Era : veX(e5]}
(a

,
b) = 3 ra + sb : +stX(E5]3 etc.

(67 = (2)(3) = (HE)(1-E5) = gigg where 8 , g , CXIE5) are prime ideals .

(not principal
-not prime factors (2)= g = (2

,
1+55)

CH8 q (3,
1+5)

8 = (3,
1f5)



If St , BC R are ideals then H + B
,
AMB

,
HJCR are ideals.

(+B = Ec+Bix+ A
, 8 B3 .

AB is not simply Sap : DEA
, BEE3 is not an ideal in general because it's not closed under 1.

AB = closure of Exp : xA
, B-B3 under t

=

Ep , + RBn + - .. + &p : 11
,
VitR

,
CitA

, Bit B3 .

eg. 8
= (2

,
1+F5)<lit) 8

= (3
,

1+5)

= [2r + (I+Es)s : r
,
se/E5] 5 j = (3,

1-f5)

82 = (4,
2(1+55)

, (H) <(2) qg = (9
,

3(ri)
,

3 (tE5)
, 6) <(3)

-4 + 255 3 = 3 .3 - (H+E5)(1-557 - gg (3)[gg
2 = (H) 15) + 2(2) + g = (2))8 *
-Che = (3) = g 8= (2

,
1+5)

m It 15 = (2)(E) + (1+55)(3) = 89
8 = (3,

H5)

You *
*

G "
(2) = g (I+5) C88

J = (2
,I 89 = (2

,
HE5) (3

,

1+5) = (6,
2/HE)

,
3CHE)

,
(HEf

Y

]
(h) (A-F5) -(++5)

8g= (H++5)

85 = 58 = (1-55)

In I
, "prince" usually means "positive irreducible 2

,
3. 5,

7
,

11
,
13

.... (Irreducibles are 12
,

13
,

15
,

EE
,
/1, ...

In alg, no
· theory we refer to prime ideals and irreducible elements.



Let K be ao field i

.e . a Finite extension KI
,

n = (k : Q] = degree of the extension o

O = & alg , integers in 13 O has unique factorization of ideals but not necessarily of elements.

ze An idealpCC is prime if abec, abeg -> atg or beg.

Nonzers prime ideals &CO are maximal.

If R is a commutative ring with identity and ACR is an ideal,

A is maximal if ACR (proper contatument
,
AFR) and

How are prima ideals in & i
.

e. (p) <I
there is no ideal B with ACBCR.

related to prime ideals &CC ?
# RA is a field,

a unique prince ideal (t) <I
= R/A is an integraldomain .

(as zero divisors
Every prime ideal o CC contains

I (

A is aime if a btR,
abeA => atA or be A

812cI prime Maximal => Prime.

81 = CpICX, pordinary usually the converse is very far from true
e

.g .

in R = Q(xiy

In other directe (rational pre
a Re ideal(Rispine.is itegul

dona

prime ideal (p1***, this gives (x)((x,g) < R where (x
,y) = 3 f(x,y)+ R : f10

,
% = 03 CR is maximal

R/(x
,y)
=Q is a field.

an ideal
(p)CC may

or

an
entine
In O

,
if ACC is a nonzers ideal then A maximal if It is prime.

1"Nonzers prives are maximal" (



& [F5] p = (2
, HEs)

(1) list it(19]
es

:~
prime ideals ofI Speck = Sprine ideals of 23

5= (Es) (5)
To figure out howrational princes op

behave in an extension :

they either vanity (2 ,5)

or selfrain prive
Think about what happens to a poly, ring like RIX] in a quadratic extension.

Take f(x)ER(X) a poly of degree 2 and consider R(XY/ (f(x).
(i) If f(x)tRIx] is irreducible eg.

x+ 1 then (f(x) CRIX] is maximal and RIX]/ef(x) = I

ii) If f(x) +RIx] has two distinct real roots , say fix
= (x-a)(x-b)

,

atb
,

them

R(X)/((x-a)(x-b)
= R(x)/(x-a)m(x-b)

ERIxy ⑦ R(xY(x
-b)
ERR

(x-a)

(iii) If f(x)ERIx] has a double real root eg .

f-* or (a) RIX) / = Ga+bx : abett
-E is the

(i) : (f(x)) < R(x] is maximal (remains prime (a + bi)(c+da)= ac + (ad+ba) dratingofobers
over R

(ii) (f(x) = (x-a)(x-b) splits (x-a)
,
(xb) < R(X] prime.

iii) (f(x) = (x-a) ranifies



Squaring RR o3-3
& (x]-> &[E5]- Rf(x) > f(Est

~(x]/(*+5) ----
O 4 9

In O = &15)
,

what happens to an ordinary princepXX.is extension ? We should look at

& = #x]/1st
where #p : /p= 90,

1,2;;pinfeldo<(p,
y+5)

use the isomorphism
theorems for ring theory

Try a few princes peR
Y+ 1 t/x] varifies:1 = (x+1
&

sa b
0 = #()/(yyz) = (x)/(x+ 17 So the rational prince ze vanifies in O as (27 = CD = &

for some prime ideal &CO .

(from before : 8 = (2
,
115) (

/(2) (/(x= 1)
x+ 2 = E1 = (x+ 1)(x- i) has two distinct roots in#.

So (3) = 30 = gg where gog' are distinct prime ideals

O in O.
(From before g = (3

,
155)

, y= = (3
,

1 -15) (
We say (3) splits in 0. 3 is an irreducible element

= (x)(5 =(x)/2) in 1 but the ideal splits. (
numbers x= X.x so (5)= 50 = (5) 5= (5)Est

ramifies (5) : (15) Since +D
*



%0

= #(x) (est = /EEAF E-2 = (x-3)(X-4) The ideal (7) = R& RAR' distinct
↑/

(x22) splits 70 splits prime ideals in 0

x2-6 E #
, [x] is irreducible

Yu= (x)/y) = Fe * Fr
O=RF5]

In

Tide (6) is mainis
=Ea+b : a

,beR] so it's prime,

(f) = NO CC is prime= #(*)/)=/is i
(13) = 130 CO is prime

I remains prince in C.

13 remains prime in 0

= In the squares u 1
,
4

,
9

, 16
,

8
,
2

,
15

,
13.# irreduciea

(12) <Fizlx] is maximal hence

%ge
= Fa/(is) = #36=ign

= FaLt5] = Ea+bE5 : abe #
,93 prime

190 = (19) CO is maximal i
.
e . prime

Eac = Fu * Fez : (23190 splits as (23) = 28
, SS' prime ideals in 0.

x+ 5 = (x- 15)(X- 8) in Fzz(x] -2 = 25= 52
= x+ 5 5= -18 = -2 .9 = 5?3= 15

O Fuz(x/s = Fs(x)(((x-1)(X-8)
=E Fax(x-8)

ramifies if pe 92,
53

Then In C=[F5]
, PER ordinary prime , (p)= pC & splits iff p = 1

,
3
,
70r9 modzo

(remain prime iff p = 11
,

13
,

17
, 0019 mod 20.



To prove this ,
it suffices to see how"+ 5 factors in #plx].

iwhetheror=So
-.

O

the Legendre Symbol for old primes p.

eg . (i) = +
, ( = + 1

, E = 0

Oudratic Reciprocity : If peg are distinct rational odtimes then (E) : E: at last,oneoa
If p + 2

,
5 then (i) = (5)(5) nonsquares

(i) = 9! if PE Imod4 #= 50,aL => (f) = (5) eg. (5) = (5) = (5) = +1

() = (E) = (z) = +

( = (n)() =1)= 1 => -5 is a square in #3. (15=8= -5)

(* ) = (it)() = 1.) = => -5 is a monsquare in Fiz. on = (p)C2
The monzers prime ideals in C = XCE5] are prime

· p : (2,
HF5)

, g
= (3

,
HEst lying above 2

,
3E

· (p) = pO , pe ordinary prime ofthe form p= 20k + 11
,

20k + 13
,

20k + 17
,

20k +19

· prime ideals R <O Ping above rational primes peX,PE Fordmodo,.



Next : which primes vanity in an extension?

All primes dividing the discriminant.

The extension 1) QIE5] (or XIF5] > X) has discrimant -20
·

We'll talk about this next.

A Lice in R" is 29 , 9+ anxh +... + andu : ait]} where Ex, . . .,Xn3 is a basis of R

For every number field KIQ i.e. extension field of degree v = (k : Q] <

K has a basis X1,.; In such that D= Ga+ K : X is an alg , int3 = lattice generated by 4..... an

eg .
K= Q [F5] has basis 91

, 53
k = Ga + bi5 = ab + Q3
C = Ea + bi5 : a

,
be &3 is a lattice in Q2

The face map to : <-R of the extension is the

map wheNabETb
The nom map N : K->Q of the extension is

N(x) = x0(x) = 2

N(B) = N(k)N(B) fo(x+ p) = f(x) + to()

the discriminat isthedeterminant
of thematix whose lijenty is

tridj)0=20
disc =det

"L
tr1 = ItT =1 The rational primes dividing to are 2, 5.
tris = F5 + (15) =

0 These are the ordinary princes that vanity in the extension.

+o (5) =5+5 =0



Foreverynoteideawecatkotasasublattice o
aa

%=Ev : v+0 quotient of additive abelian groups i.e . quotient of I-modules

v +A = Ev+ x = xA)
If x+ ( then (x) = xOEC and N(()) = (N(x)) (absolute value)

N(ges) = N(A) N(B) 1%B 1 = 1%% This may be
obvious

if A
,
B rel. prime

eg .

O = (2
,
15) has norm 0 = Ea + bE5 : abey]

ie . A+B = C

OCC is generated by H
p:~ -
0 : 0· two cosets ofI

P= EatbE5 : a
,
beX

,
at even3

ToprotPE(2)wecan argle- N(0) = 1% ) = 2

mu 0 = pr(a
Or : N(y2) = N1O5==

= 4

slightly tricky
O has fund ,

domain10
, 1x10,1j

N((2)) = (N(2)) = 12 .21= 4 R = L(v + D)



O = &155] has two kinds of nonzero ideals :

· principal) (11)
,

(13)
,
(17)

,
(12)

, /LR(15) ,

non-prime·(a)(b) = (ab)

For every number Field KIQ i
.
e .
finite extension field

we have the ring of itegens OGX in this extension
(fractional)

the nonzero ideals of l form a mult . group and the principal ideals form a subgroup.
The quotient group sideals3/ principal ideals

the ordethat
/"h= 1 ift O has

&
QUES

= 2 miguetonizationa
= 1

. /every nonzers ideal in R is principal) . MConsequencoa
seem

hacis-A lideals always have

unique factorization)



Dedekind zeta function S,(s) of a number field K.
N(H)=1

eg. [p(s) = &(s) = Riemann reta function

see
, 3

,

(s) =[
(0)+ACO

Eg. Every
ideal ACR is principal , A = n = (n) for some neX ,

(h) = (2)

N((d) = 14/03) = (2) = 0

N((n)) = (2/(n)) = n

((s) = Sp(s) = E = A+ S(2)=

96) is analytic on -3.4forRest = 1)

Compare : f(s) = A +s + s + s + ..., convergent for Isk 1. - "
This extends to the entire plane & as a meromorphic

function with a simple pole at s= 1
.

-

f(s) = is
In number theory we consider Dirichlet Series+ ,

aeRIf it converges at
some point PEK then it convergesto the right"

The typical domain of convergence
of a Dirchlet series is a

half-plane Res > so



The zeta function Sp(s) of a number field converges in Res > 1
.

But 9
,
11 continues

analytically to I with a simple pole at s= 1.

"Dirichlet series" includes zeta functions and L-functions. ((2)= the Basel

The Rieman zeta function has an Euler factorization problem

=
= (1++++ +j+,+) (l +5 + y+)(1+Es + -)))+y + - - )()+ +b+ -)(1 + - + ...)

= 1 + 5 + - + y + 5 + 5 + - + j + -- . Analytic form of the
FTA-fundamental there

of arithmetic

since ideals inO haveThis worksforevenedNilsS
migue factorization

as products
OfACO of prime

ideals

N(H) = 10 nonzero prime
I nonzero idea) ideals 8 CC

Eg. O
= RIF5] has prime ideals :

Norm 31: 9, S= (31) N(9) = 10) = 31.

Norm 2 : 8
= (2

,
1+#5)

Norm 3 : g
= (3

,
155)

, i
= (3

,
1-15)

Norm 5 : (15) Easy=
Norm 7 : R

,
R= Non-prime ideals : (2)= %2 of norm 4

Norm 1 : (1) = Y
* #, Oq

= (5) of norms

8
= (l-E) ....



Easy=...(+ + - .. )(+5)x-...

Non-prime ideals : (2)= %2 of norm 4 =Eas
Oq

= (5) of norms

8
= (l-E) ....

= I + 2 + + -

But what else can we do with zeta functions ? IC ideals of worm 3 : g , g
Eg.

If min are randomly chosenarge integers ,

what is the

probability that min are relatively prime ? About 61%:

in 0
.

60793get with probability 1-t = 1-

and.......... 3 ...... -=-

-- --- - ----5 ... . - 1 - E = 1- 52S -
- -

----
-- 7 -----

---

-------- -----=t

und ....

with probability (1-1)11-5)) - 5)(1-)(l-)x ... = i
This value i = 0

.61 is also the probability that a randomly chosen large iteger m

is squarefree .
(not divisible by any prime more then once).



Given M
., Mr

,

"

- myt R ,

we say M
,
-i m

areelativelyime it

gad(m , ma, mp)
= 1

.

Ex (mm) = (1)=

m
,
2 + m

,
x +... + mpL

eg .

6
,

10
,
15 are relatively prime since gad (6,

10
,
15 = 1.

how often are they relatively prime? (3)

Genthelargelearnnet = (a +bt = ab + 23

EvenBatrado, ou ofavelativelypre
= (x, B) = 0 = (1)

The prob. that <
,B+ C are relatively prime is g)

(1)= (f) (i) , E = 1.
855557

-
P3,

2,5 vanity
i

restha Pleas 0
.
53892

prime
About 54% of the time
,

=.isFi <
, BEC are relatively prime.

Rieman zeta Sals


