


ES R is

any ring
with identity then R" = Surits inR3 = 9 invertible elements inR3 = SueR :

the units in the ring of uxn matrices over R form a mult . gp . GLn(R). U ForR3
The units R"the untgoup

of R.

If R is a commutative ring with identity
then R" is abelian.

Take C = Salg , integers in K3
,
KIQ finite extension .

We want to describe O = mit
group

of the extension ,
an abelian multiplicative , group

.

eg . &
"

= EEB .
10" > 2 since-0. eg .

K= Q(E]
,

0 = /v],

In a real quadratic field.
O"= 3113 x (2) 0 = 9 = (1+) = k+23

an
-

torsion 90 : ke23 : Iisagen
of the "infinita

part :

theelementsiteaydic gra Note:
"

=E Solutions of
of finiteorder x- 2y2 = 11 are

in C Crootsof unity = El,te
,
Ebert

,
-.. 3 <(10) , (11, 1)

,
(13

,
+2),

in 6) <xX = CHE) = positive elements in C. ... )
.

D= Eunite= Esolutions
onation SARX <1-E) = EE1XTHEY = 8

"

x-dy= =

canonical Trot-
- canonical

Imaginary quadratic fields K= Q Id]
,
do

O is finite since the equation F-dy= #1 has only finitely many solutions

If K = Q (55) then 0= [155]
,

0" = E= 13.
--- (E) 0 = X(w)

,
w:I D " : S1W

, tw's we ·sixth roofs

& CFT= (i) 0 : X(i) = E11
, til

of unity-



Every number field k canMorga
keFed an

be embedded K2I
Love-to-one homomorphism of

Horsionx part
o rings)

in n = (K :Q] distinct ways.[finite cyclic r
,

of these embeddings have their

ofGrouorder
written additively image CR ; the other 252

such embeddings non-real.
r
,+r1 = umber of generators. K has re real and zi non real

What are
, in ? embeddings .

KIQ is a number field. K= 01] for some <t K . (Not canonical)
eg. Q(E, 55] = Garbiz+it die :

= Q(x]/(m(x)) a
,

b
,
c

,de3
degree 4 over Q

m(x) -Q(x] irreducible

has r
,
real roots

,
25 non-real roots (rengate roof)

= Q(E+5)

1 can be embedded in $ in n = <K:Q) ways (not conomically) ,
n = r + 25
·

by mapping x ms any of
the roofs of m(x).

Dirichlet's UnitTheorem applies to all number fields ,

Galois or not. 1AwtKI < n.

Equality iff K is a Galois extension

Eg.

K=Qt]
,
d square free, d + 0

, 1
=Qx]/End

If do then = 2,= 0
,

n= r+2= 2
,
rank ritrzl = 2+01 = 1.

If do then r= 0,= 1
,

n = r+2= 2
,
rank+1 = 0 + 1- 1 = 0.



Another example with Dirichlet's Unit Theorem

1 = Q,] = Sa+ bir + c +d Q degree (K : Q) = 4

Every embedding KCI is real (K <>R) i.e. r= 4
,

E= 0
,

n= r
,

+ 22= 4+0= 4.

Dirichlet's unit theorem : 0* E13x i.e . U=Eh : ijiketh]
-

the only roots of r+ m- 1 = 4+ 0-1 =3 gives the rank.

RareI

What are the generators a
,8,

0 unity in this case? (fundamental mits)

K= /E
,
] These are all the fire subfields ofK by Galois theory
- I
Qis15 ite =(1+2) muits in Q[E] x2- zy= = (I+E)(re) : +

-1/ = (2+ --- - Qis) (1+ r(k(- 1 +z)= 1

- = (5+256) --- (t) (2+5)(2-5)= 1

-by= #1 (5,2) fundamental solution
Is U" = = (Hel"(2+)

*
(5+256)", k

,
0

,
m+R ? (5+ 255) (5-250) = 1

No
,
these are only 25% of the units in K.

First of all
,
U= Salg ,

int. ink] = Sa +b +c+ dite : ab
,

c
,
de 23. Since !

,
E

,
5,6 are

Actually U= (1,
1

,
55

,

%, ) = (1
,E

alg .
into

Itt the,,- =0.X is an alg ,

in

In fact atis the (Et=+= 5+25.
= He (1+ r) ( - 1 +z)= 1 . 1 = 1032 p

"
= B:(10B-)



Checked using PARI/GP.

fie -> I
In this causeatanalyticinaregionCope setpartistsza

in some disk Iz-zokr in R.

A function of is meromorphic in i if at every point zoIt# it has a Laurent expansion F(z)= -zo)
,
k+

When Into with <0
,

we have a pole of ordert Cassuming his
the largest such)

A has a simple que at to hasanessal singularitytoworse teaa a01z-zkr
in M

a = Residue of f atzo.

⑳8 if
fizidz = a = lim (z-zo)f(z)

zuzo

S(s)
, 5x(s) is meromorphic in $ with a simple pole at s=

1
.

Regi = regulator of K

Class number formulaim (s-(s)=Reg,a hi = class number

Wis = number of roots of
resitteof Ex(s) unity in K.

at its simple pole
n=K:] v

,
= no of realembeddings KGIR

= r,
+ 2 24 =.. --- non-realembeddings KK



Every number field KCQ
has the form K= Q(a] EQIY(m(x) MIX)= min . poly of 2 over

Q

eg .
K= Q(E

,
57 has r = 4 real embeddings KLR

5 = 0 nowed ... K

eg. a = T2 +E is a generator
k= Q(x) = Q(*/(x 102+1)

=4 real rootsees

2r
:

= 0 non-el roofs.

I worked this out with K= Q(E5] Rege= 1 in this case h
,

= 2.

Remarks about computation :

3(2) = 1
. 855557

YYp() = 0
.

53892

Ex has no pole at 1
.

It's a Diricht Lfuntion=


