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Writing a Number as a Sum of Two Squares

When can an integer n > 1 be written as a sum of two squares? We certainly require

n #Z 3 mod 4; and if the prime factorization of n is known, say
n = H O
P

(as a product over all primes p, with exponents e, > 0) then the complete characterization
is as follows. (The squarefree part of n is the largest divisor of n which is not divisible by

any square > 1.)

Theorem 1. An integer n > 1 (factored as above) is expressible as a sum of two
integer squares, iff e, is even whenever p = 3 mod 4. Equivalently, n is a sum of two

squares iff its squarefree part has no prime divisor = 3 mod 4.

For example, suppose we want to write 92250 = 2-32.53.41 as a sum of squares. The

Theorem says this is possible since the prime 3 has an even exponent 2. Rewrite
92250 = 15%.2:5-41

where the squarefree part of 92250 is evidently 2-5-41, which has no prime divisor = 3

mod 4. Since
2=[1+i>=12+1% 5=12+i*=22+1% 41 =|4+5i]> = 4% + 57
we have 92250 = |z|? where
2z =15(144)(2 +i)(4 + 5i) = —165 + 2554,

i.e.

92250 = 1652 + 255°.

(Different solutions are obtained if we replace 1+ by 1 —4; and 2+ by 2 —i or 1+ 2i

or 1 — 2i, etc.) It should be evident from our example that one direction (the ‘if’ part)
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of Theorem 1 follows if we can write every prime p = 1 mod 4 as a sum of two squares.

Thus we first prove

Theorem 2. Every prime p =1 mod 4 is expressible as a sum of two integer squares.

Our proof of Theorem 2 is constructive: Given a prime p =1 mod 4, we actually present
an algorithm for writing p as a sum of two integer squares. The first step is to solve an
easier problem: find integers a and b such that a? + b2 is a multiple of p. This is easily
solved: Take b = 1. Since p = 1 mod 4, there exists an integer a such that > = —1 mod p.
(To find such an integer a, let ¢ be an integer not divisible by p, and take a = cP~1/4,
Then

1 mod p, if (g) =1;

—1 mod p, if( ) = —1.

a? = (P12 = { i
p

Half of the time we are in the first case, with an immediate success; otherwise try a different
value of ¢ (selected randomly from ) and repeat. In practice only a few tries are required
to obtain a success; for example, 99.9% of the time, at most 10 tries are required (just as
ten flips of an unbiased coin will yield at least one head, 99.9% of the time).

Thus we have somehow managed to find integers a, b, m such that a4+ b*> = mp. The
next step is to iteratively express smaller and smaller multiples of p in the required form

(as a sum of two squares) until p itself is expressed as a sum of two squares. To this end,

we might as well assume a,b € (—g, g); otherwise subtract an integer multiple of p from
a, and from b, to get @ = a — kp € (—g, g) and b=0b—/{p € (—g, g) In particular we

now have

(1) a4+ =mp; —-E<ab<B 1<m<

[S]iS]

Of course if m = 1 then we are done. So assume m > 2, and subtract multiples of m from

a and b to obtain
W =a—rme 5.3 ¥=b-sme[-4.3]

We now work in the ring of Gaussian integers Z[i| = {u + vi : u,v € Z} where i = \/—1.
Set o« = a + bi, f = a’ + b'i. Recall that @ = a — bi, so that aa = a® + b*> = mp. Since

£ = a mod m, we have
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Again using 8 = o« mod m, we have 88 = aa = mp = 0 mod m; thus 35 = mm’ for some
integer m’ > 0, whence
2

myy = m*m'p,

1.e.
vy =m'p.

To compare m’ with m, note that mm’ = g8 = (a')? + (b')? < (%)2 + (%)2 = mTz, ie.

0<m <% Ifm' =0then |f]* =0s0a =0 =0, ie both a and b are multiples of m;
but then mp = |a?| = a? + b? is divisible by m?, so that m divides p. This is impossible
since 2 < m < g. So actually 1 < m’ < %, and we have succeeded in descending from mp
to m'p as a sum of two squares. This proves Theorem 2.

We demonstrate our algorithm using the prime p = 9521 = 1 mod 4. We see that

(%) = —1 and 3(9521-1)/4 = 2140 mod p, so take

o oy = 2140+, |oy|? = 481p, B = a1 —481-4 = 216+i, 71 = a1B1/481 = 961 —44;

o ay = 961—4i, |2 =97p, Bo = x—97-10 = —9—44, o = axB32/97 = —89+403;

e a3 = —89+40i, |as|? = p.
The desired solution 9521 = 892 + 402 is obtained after only 3 iterations of our descent
algorithm.

We remark that the solution in Theorem 2 is essentially unique; for example the only
integer solutions of 9521 = a? + b? are given by (a,b) = (£89,440) or (£40,489). (We
see that there are eight solutions in all; but they are all trivial modifications of the single
solution (89, 40).)

The descent algorithm is given in Chapter 24 of our textbook (which however uses
ad hoc identities in place of our arithmetic of Z[i]). The descent procedure can also be
used to show that the solution to Theorem 2 is essentially unique (in the sense described
above), and to show the other direction of Theorem 1 (the ‘only if” direction).

The attached Maple worksheet demonstrates the descent algorithm for the smallest

101-digit prime that is congruent to 1 mod 4.
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